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Slmple prototype ﬂows
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Atmospheric flows: Thunderstorm




Transport vehicles

Car aerodynamics

High-speed train

Cargo ship

Passenger jet

Blue Angel fighter jets

Drag reduction
Drag/Lift improvement
Noise reduction
Maneuverability



Automobile engine

Turbo jet engine

Aircraft engines

Wind turbines

Energy systems Production etc.
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Flow control Broad picture 1

@ Introduction of small perturbations (order ¢) to create order 1 modifications to some flow

roperties. . . . -
e Use (if possible) the natural flow instability
Passive L
no energy requi- =
red T

Wing shape optimization
Lift maximization

Passive control may be viewed as "shape optimisation”

Noise reduction : Sonic boom :

Aircraft engine



- Flow control Broad picture 1

Active (a)
energy required, \ |
Exposed electrodex‘ Induced airflow

open loop Plasma
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@ Dielectric
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weight

Buried electrode
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Spar
Actuator C? P vortices

Trailing Edge 1
Flap /
Piezoelectric disk Cavity

a) Plasma actuator, b) Trailing edge flap, c) Piezoelectric synthetic jet actuator.



Open loop controller

Reference Measured error System input System output
Measured signal - Disturbance

Closed loop controller

Disturbance

B

Reference Measured error System input System output

> System >




Cylinder wake flow 1

Prelude

Reynolds number = control parameter
Characteristic length

Vg
|4

C
x//;fEfE/E;Y/
Characteristic velocity \

Kinematic viscosity

Re=0
Symmetric flow

e ——

-
=3

Von Karman vortex street

Re=1.5
Attached flow

-
chaos

Periodic flow

Re=10000
Turbulent flow Turbulent boundary layer
Separated turbulent boundary layer

6 ‘ . ‘ ~
! Fia. - From Gallaire (2009) -

Flow over a cylinder
(Re = 100)




Linear stability analysis (1)

* Navier-Stokes equations (NSE)

1
OU = —(U-V)U-VP+ }—zVQU
V-u = 0
U = U, on a boundary set B

e Base flow (steady solutions to NSE)

1
0=—(U-V)U-VP+ EVQU



Linear stability analysis (2)

e Linearization about this base flow

ou = —(U-Viu—(u-V)U-Vp+ %Vzu
Vaua = 0
u = 0 on a boundary set B

* Search u in the form u(x,t) = exp(At)u(x)

) () :growth rate
with A = O + W

W frequency



Linear stability analysis (3)

Au=—(U V)u—(a-V)U- Vp+ £Vu
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Hopf bifurcation:

—

Two complex conjugate
eigenvalues cross the

imaginary axis.
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Steady solution

Stable solution

= == == == Unstable solution

Hopf bi\f::rcation
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Unsteady solution

of period
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Velocity spectrum cylinder wake
(Re=14000)

10%
100 b Power spectrum
Sez (f)
%10 -
10° Strouhal number
= ldv spectrum
trpiv spectrum
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10" - St —_ 7
| | |
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Active noise control

% A

' Noise Source
/W Resulting Noise

e
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Linear superposition



Laminar Turbulent transition

Laminar flow
Turbulent flow

h— N ANAXB338

Turbulent flow (observed with an electric spark)

Experimental setup of O. Reynolds (1883) and observations.

10
Logistic map n
',L.n-f-l = T'dp (]- — .’L'n) xn.af
04
Transition to chaos with a sequence of bifurcations. 02
Scenario known as « period doubling bifurcation » 00— vy

r ~ 3.56995



Feedback flow control. Why is it hard? Turbulence viewpoint 1

@ Theory of Kolmogorov (energy cascade) Energy contained in the scale K
10° — : . . - . ~ 1 iRz —
_ By(R) = s [[[ %Ryt aa

Re,;g

23 couche limite (Tielman, 1967)

23 sillage de cylindre (Uberoi & Freymuth, 1969)

37 turbulence de grille (Comte Bellot & Corrsin, 1971)
72 turbulence de grille {Comte Bellot & Corrsin, 1971)
130 écoulement cisaillé homogéne (Champagne et ol., 1970)
170 écoulement de conduite (Laufer, 1952)

282 couche limite (Tielman, 1969)

308 sillage de cylindre (Uberoi & Freymuth, 1969)
401 couche limite (Sanborn & Marshall, 1965)

540 turbulence de grille (Kistler & Vrebalovich, 1966)
600 couche limite (Saddoughi, 1994)

780 jet circulaire (Gibson, 1963)

850 couche limite (Coantic & Favre, 1974)

1500 couche limite (Saddoughi, 1994)

2000 bras de mer (Grant et al., 1962)

3180 canal a retour (CAHI Moscou, 1991)

e Ve AVEPOx +m A SO

-—= Pao (1965)

1[} I I 1 ]

PRt

10" 10° 10° 10" 10" 10

Fig. . From Bailly et Comte-Bellot (2003)



Feedback flow control. Why is it hard?

Integral scale

1 Log(E)

Production

/\

Turbulence viewpoint 1

Large
Scales
structures

Inertial -5/3
Kolmogorov
Power law

|

All scales interacting

Dissipation

Fig. - From Delville (20086)



Feedback flow control. Why is it hard? Control viewpoint 1

From G. Tadmor (Northeastern University, U.S.A.)

@ "Fluid is not rigid" (a control's guy way to say it)
@ The difficulty to control depends on how "flexible" it really is

Intuitively:
force

sensor
- < orce
-y o g%
— OWR :

— Y L - <l
|0° nodes: nage
: Fluid dynamics:

|0® nodes,

rigid connection S
soft connection

trivial to control

L

soft connection P
difficult to contro



Feedback flow control. Control viewpoint 1

1. What makes it hard?

@ More "flexible" interconnections imply

more possible node configurations —> harder to estimate the state
more possible frequencies = harder to estimate the phase
potential for chaotic / stochastic behavior / hysterisis

difficult to force the flow to behave as desired

difficult to compute (even define) best actuation

2. What makes it feasible?

@ Flow physics ensures that "some rigidity is maintained" at varying levels in different
configurations

few persistent dominant coherent structures

distinct frequencies

well defined inertial manifold

sensitivity to actuation along a manifold

Insensitivity to disturbance pushing away from manifold

eppPP

eppPP

A, roller

lu
” Braid

—ﬂ"/"' > I P

Y
Roller




Model-based approach Lorenz model = B

e Lorenz model (1963)
i=0c(y-x); y=p.x—-y—-x.z ; 2=-B.z2+x.y

— For 6=10, B=8/3 and p=28 =» chaotic behaviour is observed.

@ ® x(0)=0.
0 luwm 0 [l A [ wal 5
#O o] 101 100 |-WM1H||| 1] }((8)) (? |
N 2: mumun | mulumlwwu I S
b ) ] W 0| ] :0)- 0.1
(© ” 453
* Mo et el L , =
So- "(’)2: —— .l] W“l w l J[l f{ \ Difference 10

0 10 20 30 40 S0 60 70 80 9% 100

( POPE p.36)'
Time histories from the Lorenz equations :(a) x(t) from the initial
condition Eq. (3.2); (b) &(r) from the slightly different initial condition and
(¢) the difference () = x(1).

Strange Attractor



Flow control and optimization methods

@ Two dimensional incompressible flow around a circular cylinder at Fe = 200

@ Cylinder oscillation with a tangential sinusoidal velocity "}(T)

V __

V(t) = UT = Asin(275tt)
Y ()
(JTDL R 0
= 0 :
- R L

I?T(t)«t
D

> Optimization framework:

Find the control parameters ¢ — (HC. A, Sf.f)T such that the mean drag
coefficient is minimized




Flow control Reverse Von Karman street [Phys. Fluids 18 (2006)"

1_5 T 1 T 1 T 1 T 1 1 T 1 T I T 1 T 1

— — — - unstable stationary basic flow

T

05 propulsive-effect

100 105 110 115 120

Fig. . Drag evolution with 0. = 120 and (A, Sty) = (4.3,0.74).

Fig. . Whole wake.




Optimal control Turbulent channel flow 1

@ Viscous, incompressible and
Newtonian fluid

@ Periodicity in e, and e..
@ Geometry [L .20, L.]

s

@ Rer =% ¢ (100,180} 4
with :
w, = (Tw) . ry
P
@ Boundary control
u — —Pn on Fg and 15

@ ¢ = 0: uncontrolled flow
@ ¢ > 0: blowing
@ ¢ < 0: suction

Determine ¢ = (P) such that the mean drag coefficient is minimized

with

L P =P(x.y.1).



Optimization methods Existing algorithms 1

Minimize 7 with ¢ control parameters

1. Deterministic algorithms of optimization

@ with evaluation of the gradient %: descent algorithms (Newton or quasi-Newton

methods, ...)
@ Model-free approaches: extremum and slope seeking
@ Model-based approaches: optimal control

@ without evaluation of the gradient: simplex algorithm (no proof of convergence in
dimension > 2)

2. Stochastic algorithms of optimization: Genetic Algorithms, Particle Swarm Optimization,
Genetic Programming (Machine Learning Control). ..




Comparison of optimization algorithms

Descent algorithms Genetic algorithms
Positive points Negative points Positive points Negative points
e Speed e Local minimum e Global minimum e Computing time
e Accuracy e Gradient difficult e No regularity e Cost dependent on

to determine condition on [/ the number of variables

e Cost independent on e No multi-objective o Multi-objective e Adjustable parameters

the number of variables version

e Parallel version




Chapter 1

Optimal control

Problem of interest:

Minimize J(q, g) with g€ RY and g€ RS Cost function
Subject to F'(q,9) =0 Constraint
Vocabulary:

e State variable: ¢
e Control variable: ¢
e Cost function: J = J(q,9) = J(q(9),9)

e State equation: F' = F(q,9) = F(q(9),9)



1.1

10.

11.

Successive steps

.qeR;geR; FeR

Use the constraint equation (I = 0) to eliminate a variable.
geR;9geR; FeR
D
Determine the total derivative D_j through the estimation of the
)

., dg

sensitivity —.
dg
— Differentiate F' =0
qeRY;gcRE:F cRY
D
Determine the vectorial total derivative D_j through the estimation
g

of the sensitivity.

. BacktogeR;geR;FelR

Intuition of the variational formulation.

Back toq € RV ;g €¢ RE;F ¢ RV
Generalization of the variational formulation. Inner product in R¥.

Back toq € RV ;g ¢ RX;F ¢ RV
Generalization to function gradients.

Gradient method based on the adjoint equation.

Example: Optimal amplification of forcing with a steady linear system.

. Introduce time dependent problems.

Optimal energy growth.
Example: Final target state with time-dependent forcing.

Generalization to space-dependent functions. Introduction of adjoint
operators.



-2 |S(;:-\‘ﬁa‘luQS OfJ -------------

3 -2 -1 0 1 2

7]

The gradient of a function is always perpendicular to the level surfaces of the function.

Figure 1.1: Iso-values of J(q,9) = ¢* + g°.

1.2 Step #1: Intuitive method: Eliminate a

variable from FF =0

Introductory example: From Cossu (Applied Mechanics Review, 2014):

Minimize J(q,9) = ¢* +¢> with ¢€R; g€ R
Subject to F'(¢,9) =q+9g—2=0

0)
(

Unconstrained minimum: (0
1) (graphic reading)

Constrained minimum: (1,

)

F=0=F=q+t+g-2=0=¢=2-9g=J(q.9)=2-9°+g"=

3



29° — 4g + 4

Necessary condition of extremum: Total derivative equal to 0

D
—j:4(g—1):Of0rg*:1:>q*:1:>j*:2
Dg
°J
=4>0=(1,1) is a minimum
Dg?

What can be done if we cannot resolve explicitly F' = 0 i.e. determine
q(9)?



1.3 Step #2: Determination total derivative

through the sensitivity Z—g

J(q(9);9)

2q 29

d
How to determine d—q? We differentiate F' = 0 =

g
oF oF
dF = —dq+ —d
dq Q+8g g
d__(or\or
dg \dq) 9y
oF oF dq
H — =1 d — =1 — = -1
ere, 2 an 97 :>dg —
D
D—Z:O for g = q.

Chainmule DJ ~ 0J dq  0J
— _— — + - =

Dyg 0q dg dg

~— ~—

0



1.4 Step #3: Determination vectorial total deriva-
tive % through the sensitivities

We suppose q € RV; F € RV; g € RX i.e. g = S | grey with ey, vectors of
an orthonormal basis.

Total derivative:

DJ
D
D7 _ | 7| gx
Dg D'j
Dy

D
i) Naive approximation of Dj k=1,---, K by finite differences
Ik

DT - J (a(g+ Agrer) , g + Agrer) — T (a(8), 8)
Dy, Agy,

with Agp small increment.

Drawbacks:
e K + 1 resolution of F = 0 are needed ; costly if solving F' = 0 is costly.
e prone to numerical inaccuracy: how to choose Agy?

ii) Generalization of the previous approach: sensitivity equations

ng — 0g; dgk agk

07 da o7
~ 0q dg.  Ogi
with
9F dg
oq dg
2—‘7 = : | €eRY and ;l_q = : | erR”Y
. | daw
dqn dgy



We differentiate F(q,g) = 0 —= Do = O,Vk=1,--- K =
9k
0F, 0F;
OF dq OF Oq" " Oan
——+— =0 sensitivity eqs. with — = : Jacobian matrix
da dgr g oq OFy OFy
0q1 " Oq

d_q__<3_F)‘10_F
dg. ~ \9q/) Og

d
This is the sensitivity equations method. 2 s obtained as a solution

9k
of a linear system of equations of size N x N (costly).



1.5 Step #4: Intuition of the variational for-
mulation

At the minimum of F', F' = 0 is tangent to the iso-value of the minimum.

We have:
VF|,x VJ|, and F=0=

o or
dq dq
Ja  s.t. =a —>  Optimality system
o or
dg dg
F
a—j — aa— =0 Adjoint equation
dq dq
F
8_j — aa— =0 Optimlity condition
dg dg

F =0 Constraint

Lagrange noticed that this system of equations corresponded to the optimal system
that could be written for an augmented Lagrangian defined by:

L(q,g9,a) =T —aF with

considering the variables ¢, g, a as independent.

Vocabulary:

e Lagrangian or augmented cost function: £
e Co-state or Lagrange multiplier: a
Ex : Cossu (AMR, 2014). In R

oF _, . 9J _, . OF _ OF

aq q ? ag g ? aq q Y ag q ?

Optimality system: 2¢—a=0 ; 2g—a=0 ; q¢q+g—2=0
Eliminatea: a=2q=29g=—q¢=9g=—q¢=9g=1
Solution :  (q,9,a), = (1,1,2) ; J. =2



1.6 Step #5: Generalization of the variational
formulation. Inner product in RV

We introduce a Lagrange multiplier a; for each component F; (j =1,--- , N).

we have:

L(q,g,a) = J(q,8) — Z%’Fj(q, g)=J(q,8) —a-F(q,g)

Optimality is obtained by considering that the variables q, g and a are inde-

pendent, 7.e.

oL oL oL
— =0 — =0 — =0
0q 0g Oa
We obtain component by component: 2N + K equations
o o0J F;
_9J _ —L =0 =1 N
dq; 9q; ; @ Iqi ' ’ ’
oL oJ F;
= Y — = k=1 K
dgr. Ogr, ; 4 Igk ’ ,
oL
pr— _F’L pr— O y f— 1’ .« .. ’N
aai !
Rk: Z a ﬂ = a-ﬁ — Optimality system in vectorial notation:
oL oF\" 9
7q =0 (3_q) a= 8_Z Adjoint equation
oL oF\" 9
% =0 (8_g) a= % Optimality condition
oL
—~ =0 =—= F=0 State equation
Oa



1.7 Step #6: Generalization to function gradi-
ents (R")

We consider the first order variation 0L introduced by small variations dq,
0g and da. At the optimum, we have:

oL oL

— =0 ; —=0 ; 8_£ =0
oq g Oa

By definition, the variation 6L induced by a small variation da = ea with
€ a small parameter, is given by the directional derivative:

%5 42 lim L(q’ g.a + Ea) — £<q7 g, a)

Oa e—0 €

N
Reminder:  £(q,8,a) = J(q,8) — Y _a;Fj(q,8) = J(a,8) —a-F(q,g)
j=1

> Variation with respect to the co-state a

%é: lim —1[(a+eé)-F—a-F]
€

=—-a-F=0 Va = F =0 State equation

> Variation with respect to the state q

oL . L(a+eq,g a)—L(q,g a)
—q = lim
8q e—0 €

L(q+eq,g.a)=T(q+eq,g) —a-F(q+eq,g)
L(q,g,a) = J(q,g8) —a-F(q,g)

We perform Taylor developments to order 2.
~ 0T .
Tatedg) =J(ag) +eg -G+ 0(&)

5 OF _
F(g+eq,8) =F(q,8) + Pk O(e?)

oL_ 0T . OF\ _
dq

:>—~:—. — .
aqq aq q—a q

10



Rkiu-Av=ATu.- v —

oL. 0J . (8F>T
_ s a

909" 2q 17 (5q) *'
oJ (OF\" | . N 0J (OF\" . .
laq (aq) al-q q = 9q <8q) a joint equation
> Variation with respect to the control g
%g — lim ‘C(q?g+€gaa) B ;C(q,g,&)
ag e—0 €
0T . (9P,
g 0g &
g  (OF\" | . _ 0F (oF\" L »
— | _ [ = g=0 Vg =— — —(—=] a=0 Optimality condition
dg \0g dg \0g

In summary, we obtain the optimality system composed of:

F =0 State equation

T
88% - (g—z) a=0 Adjoint equation
T
6;—‘7 — <g—§) a=0 Optimality condition
g

This is a system of coupled equations that are solved by one shot method or
iterative method.

11



1.8 Step #7: Gradient method based on the
adjoint equation

Objective: Show that the use of adjoint equations decreases the number of
operations needed to calculate the total derivative.

We showed previously that:
DI _ 07 da 07
Dy, dq dgr  Ogr

o~ 0T dg; 0T
- dq; dgi Og

We search to simplify this expression.

0
1. Introduction of the adjoint equation J = Z a;—= —
Iq;

OF; dg; 8J
ng lez 0(1 dgy,

89k
DF JF dq  OF
2. Let’s differentiate F(q,g) =0 = — =0, Vk = - =
(%8) Dgy dq dgk g

We deduce for the j-th component: Z 9a: dov  Oar
Qz Gk gk

. . DJ oF; 0J
Finally, we obtain: —= =) a—L+ =
' Dy 2. Ogx ~ Ign

The vectorial expression is

DJ OF oJ . oF\"T  ag -
D_g = _ (8_g> a-+ 0_g with <—) a= a_q Adjoint eq.

ogJ 0J OF OF
If we know —j, —"7, — and ——, then the cost of determining the
dq  0Jg  Oq og
total derivative is given by the cost of solving the adjoint equation.
This cost corresponds to the solution of one linear system of equations
of size N. Then, this is much less costly to use the adjoint equations

for determining the total derivative.

12



1.9 Step #8: Example: Optimal amplification
of forcing with a steady linear system

Consider Lu+ f=0
We look for f (steady) that maximizes the energy amplification defined as

u-u
R=——
fr
Rk 1: Maximizing R is equivalent to minimizing 1/R.
Rk 2: Formally, we have:

L L7 L
ff 1717

— 2
LTI s
max ———5—

max R = ma 5 _HL’1H2
0T

w=-L"'"f = R=

For solving the maximization problem over f, we use the optimal con-
trol approach for:

g=u ; g=f and K=N

F(q,9)=Lg+g State equation
J(q,9) = 99 _ = Cost function (minimization of J for maximization of R)
q-4q
Optimality system:

F =0 State equation

T
(8_F) a= oF Adjoint equation

dq g
T
8—F a= 8_j Optimality condition
dg dg
G_F_L : 6_F_] 97, 99 0T _ 29
eV A VR

13



Adjoint equation —- LTa = —2qg;g2 Dim. N
(q-q)
o . 29 1 .
Optimality condition = a=_—— =g=a (¢-q) Dim. K
q-q
State equation = Lg+¢g=20 Dim. N

Since K = N, the size of the optimality system is 2N + K = 3.

Iterative resolution of the optimality system

1. Given the n-th guess for the optimal forcing ¢, compute ¢™ by solv-

ing the state equation:
Lg™ = —g™

2. Compute J and AJ™ the increment of 7 between two iterations.
3. Compute the adjoint state a(™ solving the adjoint equation.

4. Determine ¢V using the optimality condition and go to (1).
L 0
Ex: L=| Re
1 -2
Re

Rk 1: We define as L* = LT, the adjoint matrix of L. L is called a non
normal matrix, since LL* # L*L.

Rk 2: In an Hermitian space, a matrix is normal if and only if it is diagonal-
izable in an orthonormal basis.

1 3
Rk 3: AM(L) = {_ﬁ; ——e}. At least, one eigenvalue is strictly negative,

then it means the linearized system based on L is stable. There is a decay
at long time evolution of the solution.

Scilab program:
The optimality system is solved iteratively.
We consider a guess solution for the optimal forcing (g).

1. Solve the State equation

Lg+g=0 = q=-L""g

14



Non normal transient growth (Schmid, ARFM 2007)

F f= 4’2 = @1
¢1 with ¢, the leas stable direction.
¢2
A
D
1 ~
(D1
(DI
(b2
f
f
f . D

I 2

>

Although we observe exponential decay for large times, the non-orthogonal
superposition of eigenvectors can lead to short-time growth of energy.

Figure 1.2: Non normal transient growth.

(0) Copt
; Optimality system ‘
| Y 3 |
i Solving ™ = ntl)
! the state equation il KR |
! h i
| o' e VeJ®
; v i
i Solving the adjoint P o) g Estimating i
system the optimality condition

Figure 1.3: Iterative resolution of the optimality system.

15



2. Solve the Adjoint equation
g-g

LTa= -2
(q-q)

2

3. Solve the Optimality condition

1
9=5ala-q)
g9
J(q.9) =2~
(¢, 9) -

16



// Define system

// Reynolds number

Rey=40.0

// L matriz (L 4s mnon normal)

L=[-1.0/Rey 0; 1 -3.0/Rey]

// Ezact solution using the mnorm function
R_exact=(norm(inv(-L)))"2

// Define tolerance and initialize iterations
// Tolerance for convergence

tol=10"(-8);

// Initialize control (random)

g=[rand(); rand()];

// Normalize g (optional)

//9=g9/norm(g);

// Initialize J

J=10"23;

// Inttialize dJrel = (J-{(n+1)}-J~{(n)})/J"{(n)}
dJrel=10"23

// Initialize it : <teration number

it=0;

//

// Iteration loop

// While mot converged

while (dJrel>tol)

it=it+1; Jold=J;

q=-inv (L) *g; // (solve state equation)
g2=g’*g; 92=9°*q;

J=g2/q2; // (objective function)
dJrel=abs ((J-Jold)/J);

relative wvariation

a=-2*x(inv(L’)*q)*g2/q2"2; // (solve adjoint equation)

g=a*q2/2.0; // (enforce optimality eq.)
// Normalize g (optional)
//9g=g/norm(g);

end // (end of iteration loop)

// optimal amplification

R=1.0/J;

// print results

it, R // (final iteration and amplification)
g // (optimal forcing)

q // (optimal response)

// mormalize g and q

g=g/norm(g)

q=q/norm(q)

CobE 1.1: Optimal amplification of forcing with a steady linear system.

17



Optimal forcing: (é) ; Optimal response: ((1)) ;R — 286221.23

18



1.10 Step #9: Example: Optimal energy growth

Introduction of time and of a non linear model. We consider two constraints:

dgq
F(Q):%—

Fo(q,9) =q(0) —g =0 Initial condition

N(g)=0 State equation

The control parameter is g = ¢(0).

We search to maximize the temporal energy amplification:
q9(T) - ¢(T)
q(0) - q(0)

This is the ratio of the energy at time 7" with the energy at time 0. Maxi-
mizing G is equivalent to minimizing:

G(T) =

99 _ 99

T@9) =3y 0@ = ) 4@ |oer

We have two constraints:

dq
2. q(0)—g=0

We follow the variational approach and modify the inner product since one of
the constraint is depending on time. We introduce the following Lagrangian:

T dq
£long.0.0) = Tavg) - [ alt) |5 - N@)] ar =1 g0 o
0 \W—/
— Fo(q,9)
F(q)
> State equation: variation with respect to the co-state a
L. _ o Llagatedb) —Lgg.ab)
a e—0 €
T ~ dq R
— a(t) d——N(q) dt =0 Va
0 ¢
dgq
— =N
o (q)

19



> State equation: variation with respect to the co-state b

a_LE: lim £(Q7gaa7b+€b)_£(q’gaa7b) =0 \V/l;
0b e—0 €

= b [q(0) —g] =0 Vb

= q(0) =y

> Adjoint equation: variation with respect to the state ¢

OL - _ ypyy Elatedg,0,0) — L{g,9,0,b)

=0 Yq
dq e—0 € q

‘C(Q+E(jvgaa7b) _‘C(q7g>aa b) = j(q+6679) _j(Q7g)

T
= [ at) P+ ) - Flo)at
0
— b [Fo(qg + €4, 9) — Fo(q, 9)]
We perform Taylor developments to order 2, for J, F' and Fj

J(q+€q,q) Zj(q,g)+6—‘7-d+0(€2)

oL _ 0T .
i= =L Gt
o1 aq(t)Q()

T aF) <8F0)
— Yy [ — | gdt —=d G=20 Yq
t=T /0 a( ) <8q 1 Jq 1 1

From the definition of F' and F{, we deduce:

oF dI ON 0F,
_— — — — — I
dq dt  0Oq and dq (0)

where [ is the identity operator (for instance, Iq = ¢). We deduce:

o=@ = [ Lo (- Gla)a-sao =0 v ()

We now transform this expression with the goal to exploit the fact that this
equations is verified Vq. For that, we try to put ¢ in factor.

20



1. Since u- Av = ATu - v, we can write:

T ON T roN\T
alt —~dt:/ (—) a-qdt
/0 0= [ (Go) aa

2. We integrate by parts:

N

_9J . . g aN\" | _ i
:>&I(T)q(T)—(a<T)q(T)—a(o)q(o)>—/0 [— yy _((9_q) a]~th—bq(0):o v

From the definition of 7, we deduce:

|
o
S
 —
|
&/—\
~
S~—
|
VR
Q|
S
~~_
S
Q
| I |
<Y}
o,
~

We deduce:

da(t N
1. Adjoint equation. alt) = — (88_
q

T
- ) a for tel0;T]

2. Adjoint equation. Terminal condition. a(7T) = —2¢(T)

3. Compatibility condition. a(0) = b.

> Optimality condition: variation with respect to the control g

0£~ . E(q;g—i_egyaab)_ﬁ(q?g?aab)
—g = lim
ag e—0 €

=0 V3
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Reminder: £(4:9,0.8) = T(a.9) ~ [ alt) [% - N<q>] dt — b [q(0) - g}
—_——

Fo(q,9)
F(q)
oL. 0J . oy .. N
507" 57t (g )=
)
—(a—j+b>g=0 %
dg
:>a;7+b—0
dg

From the definition of 7, we deduce:

oJ 2¢

oS _ 9 _ 4T -4(T)
o0 ~q@) qr) 9=

2

We can use the compatibility equation from the adjoint equation to remove
b in the optimal system. We get the following optimality system:

%:N(Q) ; q(0) =g
_d‘;it) (%_];[) a with a(T) —2q(T)—>g.'g

2
Only one adjoint variable !!
1
Ex: % — Lg with L — _fn_e 5 | ie. N(g) 2 Lg, linear equation
. Re
for numerical facilities, —> (%—JZ) = LT,

d
Solution of d_jf] = Lq is given by:

q(t) = exp (Lt)q(0) =

G(T) = q(T) - q(T) _ lexp (LT) g(0)]

1(0) - 4(0) o

22



max G(7') = max lexp (LT) q(0)]I"

L 2
= ||lexp (L1
q(0)#0 q(0)£0 Hq(O)HQ H p ( )H

Scilab program: Find Gy = maxy G(T') for a given value of Re going
from 1 to 1000. Comment on the non normality.

The optimality system now depends on time. We have to integrate for-
ward in time the state equation and backward in time the adjoint equation.
The system is solved iteratively. We consider a guess solution for the optimal
forcing (g).

1. Solve the State equation

dg _

- q ; q0)=gyg

2. Solve the Adjoint equation

da(t) r ) -
—— =L"a with a(T) = Qq(T)(q(T

3. Solve the Optimality condition

23



[/ KREKEK KR I KR KRR KRR KR KRR KRR KRR KR KRN

//* FUNCTIONS #

[/ KRE KA KRR IR AR IR K AR IR IR RN A N

// State equation ths

function [f]l=StateForw(t,q,L);

f=Lx*q

endfunction;

[/ KRE AR IR AR IR F AR IR IR A N

// Adjoint equation rhs

function [f]l=AdjntBack(t,a,L);

f=-L’%a

endfunction;

S/ KRE KA FAR IR AR IR KA RA IR IR RF AN

//* M 4 I NPROGRIADN+

[/ KEE KA KRR IR KRR KRR KRR IR KRR N

// Define system

Rey=400.0

T=200.0

L=[-1.0/Rey 0; 1 -3.0/Rey]

// Ezact solution using the mnorm function
G_exact=(norm(expm(L*T)))"~2;

// Define tolerance and initialize iterations

tol=10"(-8);

g=[rand(); rand()]; // (random <initial guess)

g=g/sqrt(g’*g); // mnormalize

norm(g); // Check the norm of the inttial condition
J=10"23; dJrel=10"23; it=0;

// Iteration loop

while (dJrel>tol)

it=it+1; Jold=J;

// forward integration of evolution eq

q0=g; [qT]=0de(q0,0,T, list(StateForw, L));

g2=g’*g; qT2=qT’*qT;

J=g2/qT2;

dJrel=abs ((J-Jold)/J);

// backward integration of adjoint egq
aT=-2%xqT*(g2)/qT2"~2;

[a0]=0de (aT,T,0,1list (AdjntBack ,L));
=-a0%(qT2/2.0);// enforce the optimality equation
end

// end of iteration loop

// print results

G=1.0/J;

it, G, G_exact

g // optimal initial condition

g=g/sqrt(g’*g) // mormalize

qT // optimal response

// end of program

CODE 1.2: Optimal energy growth.
24



Figure 1.4: Example of shooting method.

1.11 Step #10: Example: Final target state

with time-dependent forcing

The control function g = g(t) is now time dependent. We consider:

%~ fla.9)  with g=g(1)
q(0) = qo

Determine ¢(t) such that the final state targets to P, i.e. ¢(T) — P.

We introduce:

Energy control

=36 -P -+ % [ o

~~ (. /

g

Performance term Penalization term

We consider the Lagrangian formalism and introduce:

£long0.0) = T(a.a) - [ ate) | = fta.0)] at = 1a(0) - al

We derive the optimality system.

> Adjoint equation: variation with respect to the state ¢

lim ‘C(q + a]agaa?b) - E(q7g7a7 b)

e—0 €

By modifying the notations used in ([1.1)), we obtain:

A WY (R PP

—0 VY

Similarly as before, we modify this expression to introduce ¢ in factor.

that, we use the same two tricks:

25
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[

2. Integration by parts:

dg

8_f T
aq)

a-qdt

| at G = amyam - a0 - [ %

0J . .
= GocilT) = (@(T)d(T) = a(0) (0)) - /

From the definition of 7, we deduce:

0

dt

r [_da(t) _ (a_f>T a] LGdt —bG0) =0 v

=0 Vq
We deduce:
da(t ’
1. Adjoint equation. — C;(t) = <g—‘§) a(t)

2. Adjoint equation. Terminal condition. a

3. Compatibility condition. a(0) = b.

(1) =q(T) =P

> Optimality condition: variation with respect to the control g

£(Q7g + E.éaa)b) - E(q7g7a7 b)

lim

e—0 €

T
Reminder: ﬁ(q,g7a,b)=5(q79)—/ a(t){
0

26
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(¢, g)} dt —b [q(0) — qo]



We obtain (almost immediately) that:

0T T<g
0

T
-gdt = g
Og) a- g 0 YVg

Since 7 = 2 (4(T) = P (a(T) = )+ 2 7 (g-g) dt, we ot

9 T
_‘7~:72/ g-edt operator notation —
dg 0
T T T
72/ g gdt+—|—/ (8_f) a-gdt= Vg
0 0 dg
T T
0
/ <72g+ (—f> a> gdt=0 Vg
0 dg
1 /of\"
—g=-= (—f) a Optimality condition
7> \ 9y

d
d_z = f(q,9) ; ¢q(0)=¢qo State equation
da(t)  [Of\" . . :
7 8q) a with a(T) = q(T) djoint equation
1 (of\"
= - —f a Optimality condition
7? \ 0y
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1.12 Step #11: Example: Optimal temporal
distribution of heating

Objective: Target the temperature 0(t) at time 7" to P.
We introduce the state variable ¢ as

q(t) = 0(t) — b

where 0, is the external temperature. We assume that 6(0) = 6., i.e. q(0) =
0. The state equation is given by

d
d—z = —Aq+ Bg with g : heating depending on time

q(0) = qo

The cost function is:

1 A
T=5am) PP+ [ g
0

We are exactly in the framework of Sec. with

f=—-A¢q+Bg — %:—A and g:B
Jdq dg

Optimality system:

d
d—ct] =—Aq+Bg ; q(0)=gqy State equation
da(t) . - :
Tt Aa(t) with a(T)=¢q(T)— P Adjoint equation

1
g = ——Ba Optimality condition
Y

Analytical solution: We insert the expression of g in the equation for q.
We got:

dd

- = CP = |P(t) =exp(Ct)P(0) (1.2)
where .
At P2
o = (q) and C = A VQB
“ 0 A
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We note

L
M(t) = Cit = — At —ﬁB t) _ (agt) b(?)
0 At (t)
By definition of the exponent of a matrix, we have:

exp (Ct) = exp (M(t)) = Z %Mk

keN

We can prove that

where

ap=>0 (a’“_lc0 +afF e aock_l) =D
a—c

We finally deduce that:

ex (a(t)) x(t)
exp (M(t)) = ( b 0 exp (C@))

where

o) - LRt o) 15

The solution of (1.2)) is given by:

o0 (40) - (VG ) (48)

q(t) = exp (=A(#)) ¢(0) + x(t)a(0) | and |a(t) = exp (A(t)) a(0)

Using the terminal condition a(7") = ¢(T") — P and assuming that ¢(0) = 0,
we can prove that:
B? sinh (At
02 aot) = P2 =
Aexp (AT) + —; sinh (AT)
v

and
AB exp (At)

2 BQ )
7 Aexp (AT) + ey sinh (AT')

g9(t) = Gopi(t) = P
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Scilab program: Solve the problem for A=B=1; P=1;T =6.

S/ KRF R F KR FRK AR IR AR IR IR R AN
//* FUNCTIONS *
[/ KRE KK KRR FRK KRR KR K KR RR I AR IR KRR K
// Returns the rhs state equation;
function [rhs]=StaEqnRHS(tloc, q, g, A, B);
rhs=-A*xq+Bx*g;
endfunction;
[/ KRE KA KRR FRK KRR KR KRR RR IR IR KRR K
// Returns the rhs of the adjoint;
function [rhs]=AdjEqnRHS (tloc, a, A);
rhs=Ax*a
endfunction;
[/ KRE KA KRR FRK KRR KR KRR RR IR IR KRR A N
//* M 4 I NP ROGRAM *
[/ KEEKEKKKIRK KRR KRR KR KRR KRR KRR KR KRN
// Here we give a wvalue to the parameters
// and choose the initial conditions
A=1.0, B=1.0 // coefficients of the equation
q0=0.0 // initial condition
p=1.0 // target temperature
T=6.0 // target time
gam2=0.01 // weight of control cost gamma "2
maxiter=15 // iterations
Nt=200 // retained time samples
alpha=min (0.5, gam2) // relazation factor
for j=1:Nt;

t(j)=(j - 1)*T/(Nt - 1); // time grid
end ;
g=0.0xt; //initialize to zero the control;
// perform iterations up to maziter

CoDE 1.3: Final target. Time dependent forcing. Part 1
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// perform iterations up to maziter

for iter=1:maxiter

// Integrate state egqn forward in time;

q(1)=q0; // give IC;
for j=2:Nt;

// local time interval and local IC
toi=t(j - 1); t_f=t(j); q_i=q(j - 1);

// local control in the time interwal:
gloc=0.5*x(g(j)+g(j - 1));

// integrate forward and store solution in q_f
[q_f]l=ode(q_i,t_i,t_f,list (StaEqnRHS, gloc,
q(j)=q_£;

end
// compute cost of control and total cost

g2int=0.5*%g (1) " 2+sum(g(2: Nt - 1)-2)+0.5*xg(Nt)~2;

Jg(iter)=0.5*xgam2*(T/(Nt - 1))*g2int;
J(iter)=0.5%x(q(Nt) - p)~2+Jg(iter);

// Integrate the adjoint equations backward in time

// enforce IC (at T) for backward integration
a(Nt)=(q(Nt) - p);
for j=Nt-1:-1:1;

// local time interval
t_i=t(j+1); t_f=t(j); a_i=a(j+1);

// tintegrate backward and store solution in a_f
[a_f] =ode(a_i,t_i,t_f,list(AdjEqnRHS, A));
a(j)=a_f;

end

// Enforce optimality cond. using under-relazation;

g=(1 - alpha)*g+alpha*(-B/gam2)*a;
// and plot the result of the current iteration;
// Plot q(t) and g(t);

xset ("window" ,0) ;

xtitle(’State and control (all iterations)’, ’t?’,

plot2d(t’,q’,style=3); // style = 3 green
plot2d(t’,g’,style=2); // style 2 blue
// Plot a(t);

B));

’q (green) and g (blue

xset ("window" ,1); xtitle("Costate (all iterations)", ’t?’, ’a’);

plot2d(t’, a’,style=1);
end // end of the iteration loop
pause
// Compare to ewmact solutions computed for g0=0;
DEN=(A*xexp (A*T)+(B~2/gam2)*sinh (A*T));
qg_ex=p*(B~2/gam2)*sinh (A*t)/DEN;
g_ex=p*(A*B/gam2)*exp (Axt)/DEN;
xset ("window", 3); clf();
xtitle(’q versus q_ex’, ’t’, ’q’);
plot2d(t’,q_ex’, style=-3); plot2d(t’,q’, style=3);
xset ("window" ,4); clf();
xtitle(’g versus g_ex’, ’t’, ’g’);
plot2d(t’,g_ex’,style=-2); plot2d(t’, g’, style=2);
// Print cost function histery and convergence
for iter=2:maxiter
dJrel (iter)=abs (1.0 - J(iter - 1)/J(iter));
end
[[1:maxiter]’ J dJrel]

CODE 1.4: Final target. Time dependent forcing. Part 2



4 (greem) and g (bluz)

Figure 1.5: Time evolution of state and control variables at all iterations.

1.13 Step #12: Example: Feedback control of
linear systems with quadratic cost func-
tions

LQ systems: Linear Quadratic systems

dq

o Aq+ Bg with ¢(0) = qo State equation

Determine ¢ and ¢ such that

1 T
J(q,g)=§/ q-Qq +v° g-g |dt
0 —— ~~

Performance Cost control

is minimized where @) is a symmetric positive definite matrix.
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Figure 1.6: Time evolution of costate variables at all iterations.

d
Ex: We consider the closed-loop solution of d—(‘tl = Aq+ Bg with g = —Kq
where K is the Kalman gain. We have directly:

d
—dj =(A—-BK)q closed-loop system
1 0
- 10 10
1]z 'O0 N _— Re _— pr— fr—
Scilab program: A 3 B [0 1] Q lo J and Re

100.
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qversus q_ex

Figure 1.7: Comparison of ¢ and gexact-
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gversus g_ex

Figure 1.8: Comparison of g and gexact-
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// define system

Rey=100

A=[-1/Rey, 0; 1, -3/Reyl

B=[1, 0; 0, 1]

Q=[1, 0; 0O, 1]

gam=1000

// solve Riccatti equation

R=B*B’/gam~2;

X=riccati(A, R, Q, ’c’, ’schur?’)

// compute feedback matriz

K=B’*X/gam~2

// linear modal stability of uncontrolled system
disp (spec(A))

// optimal transient energy growth of uncontrolled
// system is the L2 norm of exp (At)

Nt=200; t=linspace (0,3*Rey,Nt);

for j=1:Nt;

Gunc (j)=norm(expm(A*t (j))) ~2;

end

Guncmax=max (Gunc)

// linear modal stability of controlled system
disp (spec (A-B*K))

// optimal transient energy growth of controlled
// system is the L2 nmnorm of exp((4 - BK)t)

for j=1:Nt

Gcont (j)=norm(expm ((A - BxK)*xt(j)))"2;

end

Gcontmax=max (Gcont)

// Plot

xtitle ( "Ricatti based feedback control" , "t" , "G" );
plot (t’,Gunc,"+-");

plot (t’,Gcont,"o-");

legend ( "Gunc" , "Gcont" );

//plot2d (t,[(Gunc), (Gcont)])

// end of program

CODE 1.5: Riccati based control.
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Ricatti based feedback contral

T T T ? ? t \ f T ] t 7 7 f T f t i i T
o 1 20 20 x 50 a0 70 El Eol 100 110 120 13 140 180 180 170 180 160 200 20 220 230 240 250 280 270 280 200 800

t

Figure 1.9: Ricatti based control. Time evolution of G(t).
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Optimal control



Problem of interest:

Minimize J(q, g) with ¢ €R" and g€ R" Cost function
Subject to F'(q,g) =0 Constraint

Vocabulary:

e State variable: ¢
e Control variable: ¢
e Cost function: J =J(q,9) = T (q(g),9)

e State equation: F' = F(q,9) = F(q(g9),9)



. geR;geR; FeR

Use the constraint equation (F = 0) to eliminate a variable.

2. geR;geR;FeR

Determine the total derivative Do through the estimation of the
)
crs s, A4
sensitivity —.
dg

— Differentiate F =0

3. qeRY;geREFeRY

Determine the vectorial total derivative —— through the estimation

Dg
of the sensitivity.



Introductory example: From Cossu (Applied Mechanics Review, 2014):

Minimize J(q.9) = ¢* +¢° with geR;g€R
Subject to F'(q,9) =q+g9g—2=0

Unconstrained minimum: (0,0)

Constrained minimum: (1,1) (graphic reading)




Step 7£1: Intuitive method: Eliminate a
variable from F =0

F=0=F=q+g9g-2=0=q=2-9g=J(¢,9)=(2-9)+¢* =
2¢° —4g + 4

DJ .
— =4(g—1)=0forg*=1=>¢g*=1=> J* =2
Dg
D? . .
{ =4 >0 = (1.1) is a minimum
Dg-?
What can be done if we cannot resolve explicitly /' = 0 i.e. determine

q(g)?



Step #2: Determination total derivative

k2 [} 2 1
through the sensitivity 52
dg
Chain rule Dj ()j (/([ 0\7
J(q(9).9) = B Ot + 99
S g N goo?
2q 2¢g
.odg. . . |
How to determine 1—.’ We differentiate F' =0 —
ag
OF OF
1F' = —dg 4+ —dg
( 3 aq —+ 59 aqg

dg (0F>_1 OF

da 1 R



'3 % o dg 0J

Dy~ Bqdg  Og
S o dg  (OF\'oF
w (@) %
Here, %—};—1 and f)I; 1:>2]—Z:—1=>%:2(g—q):>
Dj—() for =14,
Dg

Since F'(q,9) =q¢+9—-2=0—=>2q=2=—q¢*" =1 ; g*=1 ; J*=2



Step #3: Determination vectorial total deriva-

tive % through the sensitivities

T N N 3 . I 1 . »
We suppose q € RY: F e RY;g e R" i.e. g =>,_, grer with e, vectors of
an orthonormal basis.

Total derivative:

Da\

Dj (Dgl ]

D—: ER[\
g ET

\DQA’ /



DJ

i) Naive approximation of —— Dar k=1.--- . K by finite differences
9k
DI J(d(g+Agrer) g+ Agrer) — J(d(g), 8)
Dgr Agy,

with Ag. small increment.

Drawbacks:
e A + 1 resolution of F = 0 are needed ; costly if solving F = 0 is costly.

e prone to numerical inaccuracy: how to choose Ag,.”



ii) Generalization of the previous approach: sensitivity equations

0F dq; = 0J
DJA IZO([, (]gk | ‘(k

0J dq 0J

~9q dg.  Og
with (
f [ da \
: Iy dgy.
0 AT l \
0—j = f cRY and ;—q = : e R®
q O j agy d qN

\Dax \'dys. /



DF
We differentiate F(q,g) =0— —=0,Vk=1,.-- | K —

Dgy,
( OF; OF; \
OF dq OF o ) 4 AN | |
e +E) = (0 sensitivity eqs. with 5a = : Jacoblan matrix
q dgr  Ogk q OF N OF
\ dqy | 0%\"/
dq ~ (OF\ ' OF
dge oq) gy
R e : dq . . .
I'his is the sensitivity equations method. o is obtained as a solution
agy

of a linear system of equations of size N x N (costly).



Step #£4: Intuition of the variational for-
mulation

At the minimum of F, F' = 0 is tangent to the iso-value of the minimum.
We have: TR T Y
VF|,x VJ|, and F=0= TR

2 s
3

VE

)
i

dq dq

da  s.t. | = a —>  Optimality system :

\ﬂ \O_F / T3 201 2 3
dg ) dg g

0 OF

(—j —a— =0 Adjoint equation
dq dq

0 OF |

‘,—j —a— =0 Optimlity condition
dg dg

F'=0 Constraint




Lagrange noticed that this system of equations corresponded to the optimal system

that could be written for an augmented Lagrangian defined by:
L(q,9,a) =T —aF with

considering the variables ¢, g, a as independent.

Vocabulary:

e Lagrangian or augmented cost function: £

e (Co-state or Lagrange multiplier: a



Ex : Cossu (AMR, 2014). In R

a7 . 0T . IOF ' IOF )
—=2g § —=2dg ; ——= , o =
og M e =W i ol o=l

Optimality system: 2¢g—a=0 ; 2g—a=0 ; qgq+g—2=0
Eliminatea: e=2¢=2g===g=g—>g=g=1
Solution ! (@.8.8), ={1LL2] § =2



Step #5: Generalization of the variational
formulation. Inner product in R"

We introduce a Lagrange multiplier a; for each component F; (j =1,--- ., N).
we have:
N
L(q,g,2) =T (q,8) — Y_a,;Fi(a,8) = T(q,8) —a-F(q,g)
j=1

Optimality is obtained by considering that the variables q, g and a are inde-
pendent, i.e.

oL oL KL

—= § —=l 53 —=8
Jq g da
We obtain component by component: 2N + K equations
oL o F. .
- :‘j—zaji—fz() §— B wws N
dgi 9 = " 0q
oL 0 F; , )
99k Ogi I
oL

(‘)(ll'



F; F;
Rk: E a;—= = E a;— =— Optimality system in vectorial notation:
. dq; . dq;
l

y
0 OF\' 0
0_§ -0 = (0_q> a= O—Z Adjoint equation
0 OF\' 0 ,.
% -0 = (0_g> a= a—g Optimality condition
oL

—=f = [F=0 State equation
da



Step 76: Generalization to function gradi-
ents (R")

We consider the first order variation 0L introduced by small variations 0q.
0g and da. At the optimum, we have:

oL oL . oL

Jq 0g da

By definition, the variation 0L induced by a small variation da = ea with
€ a small parameter, is given by the directional derivative:

oL_ » .. L(q,g,a+e€a)— L(q,g, a)
—a = lim

()a e—0 €

Reminder: L(q.g.a) =J(q.8) — Y a;Fj(q.8) =J(q.8) —a-F(q.g)

j=1




> Variation with respect to the co-state a

oL._ . 1 -
I Gliglo—z[(a%—ea)-F—a-F]

——a-F=0 Va =— F =0 {State equation



> Variation with respect to the state q

oL _ 1 ‘C(q+€q g a) _[’(q g,a)
—q = lim
Jq e—0 €

L(q+eq,g,a)=J(q+e€q,8) —a-F(q+e€q,g)
L(q,g,a) =J(q,g) —a-F(q,g)

We pertform Taylor developments to order 2.

N 0F |
J(q+e€q,g) zj(q~g)+€i~Q+0(62)

dq
) OF _ :
F(q+e€d,g) =F(q,8) + o 10"}
oL 9T L (OF),
94 = 7q 4 aq ) 4



.q=0 Vg

_ 9T _
dq

(

OF
dq

T
> a=0 Adjoint equation



> Variation with respect to the control g

oL _ — B £(qg+€g a)_[’(qg* a)
—g = lim
()g e—0 €

N 5 _a OF \ _
dg '8 g 5

0 oF\" % oF\ "
= j (—) al-g=0 Vg — dj <0—> a=0 Optimality conditior
g g




In summary, we obtain the optimality system composed of:

F =0 State equation

0 OF\ "

%7 — | — ) a=0 Adjoint equation

dq dq

0 OF\"

‘,—j — [ — ) a=0 Optimality condition
og 0g

This 1s a system of coupled equations that are solved by one shot method or
iterative method.



Step #7: Gradient method based on the
adjoint equation

Objective: Show that the use of adjoint equations decreases the number of
operations needed to calculate the total derivative.

We showed previously that:

DJ _9J da  0F
Dy, B Oq dgy, o

Z 0J dg; Oj
- £~ Jq; dg, ()gk

We search to simplify this expression.



1. Introduction of the adjoint equation

N ()F
B0 = 2 Yg, =

j

OF; dg;  0J

DJ ~ v
D_gk = >i4 >j¥ (l.,j p

Jq; dgr — Ogy
DF OF d OF
2. Let’s differentiate F(q.g) =0 = — =0, Vk = - ==
Dgy, dqdg,  Ogy

We deduce for the j-th component: Z

Finally, we obtain: —

DJA

of; dg;  OF;

0(11 dJL dgk

_Zaj - j




The vectorial expression is

Adjoint eq.

oJ 0J OF OF

It we know —, —, — and —, then the cost of determining the
dq dJdg Jq Jg

total derivative is given by the cost of solving the adjoint equation.

T'his cost corresponds to the solution of one linear system of equations

of size N. Then, this is much less costly to use the adjoint equations

for determining the total derivative.



Step 7#8: Example: Optimal amplification

of forcing with a steady linear system
Consider Lu+ =0
We look for f (steady) that maximizes the energy amplification defined as
w - U
/-1

Rk 1: Maximizing R is equivalent to minimizing 1/R.
Rk 2: Formally, we have:

R:

u=—-L'f = R= ]; :

max K = max
170 oI



For solving the maximization problem over f, we use the optimal con-
trol approach for:

g=u ; g=f and K =N

F(q,9) =Lg+g State equation

g-g _1 S L L
Jlg,g)=—= B Cost function (minimization of J for maximization of R)
q-4q v

Optimality system:

F =0 State equation

oF\" 9
( ) a J Adjoint equation

o¢) " 0q
aF\"' 9
— ) @= —j Optimality condition
dg dg
OF OF J - 0 2
=L —=17 ; —j:—qug : L.

o¢ 7 g - g (g-q)° = 9¢  q-q



F' =0 State equation f_ 7 E 7
: | : Jq ¢
ik T ' Adjoint t] 1 i
— | a = —— Adjomnt equation : '
90 9 y 1 %_J _ o, g-9 ._)
| | ‘ e i @)
OF\" ar Optimalit [1t1 1 e
— | a=—— btimality condition e )¢
dg g : | 9J _ Y
dq  q-q
Adjoint equation — Lta=—-2q i 92 Dim. N
(q-9)
L . 29 | . !
Optimality condition =— @ = =% fjj = 5(1 (q-q) Dim. K
q-q
State equation =—= Lg+¢g=20 Dim. N

Since X' = N, the size of the optimality system is 2N + K = 3N,



Iterative resolution of the optimality system

1. Given the n-th guess for the optimal forcing ¢, compute ¢") by solv-

ing the state equation:
Lq(") = _g(n-)

2. Compute J and AJ "™ the increment of J between two iterations.
3. Compute the adjoint state a") solving the adjoint equation.

4. Determine ¢" ™) using the optimality condition and go to (1).



iterative resolution of the optimality system

' Solving
| the state equation

Optimality system

g opt

g™ 7(n)
i g™

Solving the adjoint
system

AFM = g _ gn-1)

Minimization of 7
g(n-i-l) — g(n) 4 avgj(n)

ng(n)

Estimating
the optimality condition




1 _
—— 0
1 ey
_ Re_

Rk 1: [We define as L* = L', the adjoint matrix of L. L is called a non
normal matrix, since LL* # L*L.

Rk 2: In an Hermitian space, a matrix is normal if and only if it is diagonal-
izable in an orthonormal basis.

13
Rk 3 A(L) = {~5—i—

then it means the linearized system based on L is stable. There is a decay
at long time evolution of the solution.

}. At least, one eigenvalue is strictly negative,




Non normal transient growth (after Schmid, ARFM 2007)

A @, and P, non orthogonal vectors
D, Consider any linear combination of ®; and ®, for instance
D, f=0 -9
P,
A
oD

(DZ
Initial condition:
f of unit length f
f
f .
>
, , , , Time
During iteration, the vector ®; decreases in length by 20% whereas vector
P, shrinks by 50%.
The vector f transiently increases in length and aligns itself with ®;, the f decreases to zero in the large time limit.

least stable eigenvector.



Scilab program:
The optimality system is solved iteratively.
We consider a guess solution for the optimal forcing (g).

1. Solve the State equation

Lg+g=0 = gq=-L7Yg

2. Solve the Adjoint equation

Lta=—2¢ 5
(q-q)



2. dolve the Adjoint equation

L'a = —2q i g2
q-q)
3. Solve the Optimality condition
1
= —a(q-q
g=5a(q-9)
g9




// Define system

// Reynolds number
Rey=40.0

// L matriz (L is mon normal)
L=[-1.0/Rey 0; 1 -3.0/Rey]
// Ezact solution using the mnorm function

R_exact=(norm(inv(-L)))"~2

// Define tolerance and initialize iterations

// Toleranmce for comnvergence

tol=10~(-8):

// Initialize control (random)

g=[rand(); rand()];

// Normalize g (optional)

//9=g9/norm(g);

// Inttialize J

J=10"23;

// Initialize dJrel = (J " {(n+1)}-J"{(n)})/J"{(n)} : relative wvariation
dJrel=10"23

// Inititalize it : iteration number

it =0;

L

Optimal_Amplification_Forcing_Steady Linear_System.sce




// Iteration loop

// While mnot converged

while (dJrel>tol)

it=at+1l;:; Jeld=J;

q=-inv(L)*g; // (solve state equation)

g2=g’*g; 9279’ *q;

J=g2/q2; // (objective function)

dJrel=abs ((J-Jold)/J);

a=-2*%(inv(L’)*q)*g2/q2~2; // (solve adjoint equation)
g=axq2/2.0; // (enforce optimality eq.)

// Normalize g (optiomnal)

//g=9/norm(g);

end // (end of iteration loop)

// optimal amplification

R=1.0/J;

// print results

it, R // (final iteration and amplification)

g // (optimal forcing)

q // (optimal response)

// mormalize g and q

g=g/norm(g) Optimal forcing: (l) ;. Optimal response: <O> ;. R — 286221.23
q=q/norm(q) 0 1




--> // print results

--> it, R // (final iteration and amplification)
it =

286221.23

--> g // (optimal forcing)
g =

12.870384
0.3199%609

--> q // (optimal response)
q=

514.81534
6868.4707

--> // normalize g and gq

--> g=g/norm(g)
g =

0.9996911
0.024852¢6

--> g=g/norm(q)
g =

0.0747438 1 0

0.9972028 Optimal forcing: 0 ; Optimal response: | ;R — 286221.23




Step 79: Example: Optimal energy growth

Introduction of time and of a non linear model. We consider two constraints:

dq ] . .
. Y (q) =0 State equation
dt

Fo(q,9) = q(0) —g=0 Initial condition

F(q)

The control parameter is g = ¢(0).

We search to maximize the temporal energy amplification:

_ () -q(T)
q(0) - q(0)

This is the ratio of the energy at time 7" with the energy at time 0. Maxi-
mizing G is equivalent to minimizing:

G(T)

g-9g g9
) = s =



We have two constraints:

dq )
— — N(q) =0
- — N(9)

2. q(0) —g=0

L.

We follow the variational approach and modify the inner product since one of
the constraint is depending on time. We introduce the following Lagrangian:

£(a.g.0.0) = Ta.0) = [ alt) G =N de =1 jg0) — g

0
N Fo(q,9)
F(q)



> State equation: variation with respect to the co-state a

oL L(q,9,a+¢€a,b)— L(q,9,a,b)

=0 Va

—a = lim
0(1, l e—0
" & E
dc
= / it) |— —
0 dt
dq

L —_ N
= — (q)

€

N{q)

dt = 0 Va



> State equation: variation with respect to the co-state b

(?_EZ) — Tim E(qg,(lb—}-fb) o ‘C(qgab) —0 \V/Z?
Ob e—0 €
= b [q(0) —g]=0 Vb




> Adjoint equation: variation with respect to the state ¢

oL L(q+ G, g,0,b) — £(q,9,a,b)
—¢q = lim
dq e—0 €

—0 Vg

L(q+€d,g,a,b) — L(q,9,0,b) = T(q+€d,9) — T(q,9)
i
- [ a) (Pla+ eq) - Fla)a
0
— b [Folqg +€q,9) — Fo(q, 9)]

We perform Taylor developments to order 2, for J. F and Fj.
~ 0T ‘
T(a+ed,9) = T(q,9) + e - - G+ O(€)

CSi= gl
9!~ 9q) ™"

o 8F> (OFO)
— al(t gdt — b qg=10 Vaq
=T /0 ( ) (()(1 . dq . 4




= il
Jq b 8(](t)q

o 0F> (0}70)
— a(t gdt — b 7T=10 Yq
(=T /0 () <0(1 Dq .

From the definition of F and Fy, we deduce:

oF dI ON O Fy
— = — — and —— = (0
dJdg dt  Oq e Jq (0)

where [ is the identity operator (for instance, /g = ¢q). We deduce:

OL 0T o dig ON )
0_(1( = ()q(T)Q(T) /0 a(t) <E 9 )d bg(0) =0 Vg (1.1)

We now transform this expression with the goal to exploit the fact that this
equations is verified V¢q. For that, we try to put ¢ in factor.



1. Since u- Av = A'u - v, we can write:

/ : (t) ON - dt / ) <8N>T 7t
a gl = — a - qdt
0 dq 0 dq

2. We Integrate by parts:

b dg " _dalt
/ a(t) St = a(T)q(T) — a(0)q(0) — / q ) dt
0 dt 0 dt

da(t) (0]\7 !

= (1)~ @(T)a(T) = a(0) 40) - / {— - aq) a]-th—bq(m:o Vg



From the definition of J, we deduce:

0F _ o g-9
oo™~ @) )

—

g-9
(q(T) - q(T))"

TV da(t)  [ON\' |
— 2 90 al -qdt
0 U

iT) |=a(T) = 24(T)




We deduce:

1

3

da(t ON
. Adjoint equation. (0 = = | —
dt dq

. Adjoint equation. Terminal condition. a(7")

. Compatibility condition. a(0) = 0.

T
) a for tel0;T]




> Optimality condition: variation with respect to the control g

L L(g.g+¢€q.a.b) — L(qg.qg.a.b _ )
e T (9.9 +€g,a,b) — L(g.9,a.b) _ Vi
dg e—0 €
o dq
Reminder: L(q.g.a,0) =J(q,q9) — / a(t) [— — \(q)] dt — b [q(0) — ¢
0 dt N, e’
—— Fo(q.9)
F(q)
oL . 0J . OFy\ . .
—g=—09g—b | — =0
997~ 0g° <0g>( -
—1
9, 0
- fﬂ;\g: V§ :>:7=b:0




From the definition of J, we deduce:

oF _ 2%
dg  q(T)-q(T)

(T') - q(T)
z

(

We can use the compatibility equation from the adjoint equation to remove

b in the optimal system. We get the following optimality system:

dq

_:jf o
p V(q) q(0) =g

g9

la(t ION\"
_(a( ) — ( ) a with a(T) = —2q(T)

dt dq
q(T) - q(T)
2

(a(T) - q(T))*

g = —a(0)

Only one adjoint variable !!



| .

_dg . T V..

Ex: - = Lqg with L = 3 | ie. N(q)

! ke
| | ON\'
for numerical facilities, = | — | = L'.
dq
. . dq .
Solution of = = Lq is given by:
(l

a(t) = exp (Lt) q(0)  —>

G(T) =

o(T) - q(T) _ |lexp (LT) (0)]

A

q(0) - 4(0) la(0)[°

xp (LT) q(0
max G(7') = max lexp ( )(12( )
1(0)#0 7(0)#0 q(0)||

Lq, linear equation

2
" 2 exp (L)



Scilab program: Find Gy, = maxp G(T') for a given value of Re going
from 1 to 1000. Comment on the non normality.

The optimality system now depends on timme. We have to integrate for-
ward in time the state equation and backward in time the adjoint equation.
The system is solved iteratively. We consider a guess solution for the optimal
forcing (g).



1. Solve the State equation

dq
A7
dt q

2. Solve the Adjoint equation

~ daf(t)
dt

3. Solve the Optimality condition

=L"a with a(T) = —2¢(T) L




R R R R R R

//* F UNCTTIOUN S *

//**********************************,'

// State equation rhs

function [fl=StateForw(t.q,L):
f=Lx*q

endfunction;

//********************************** y

2

// Adjoint equation rhs
function [f]l=AdjntBack(t,a,L);
f=-L’*xa

endfunction;

Optimal _Temporal Energy_Growth.sce



//********—**************************;

//*¥ M A I N PR O G R A M #
J) KKK K K KKK KK KRR KR KK KKK K

// Define system

Rey=400.0

T=200.0

L=[-1.0/Rey 0; 1 -3.0/Rey]

// Exact solution wusing the morm function
G_exact=(norm(expm(L*xT)))"~2;

// Define tolerance and initialize i1terations
tol=10"(-8);

g=[rand(); rand()]; // (random initial guess)
g=g/sqrt(g’*g); // mormalize

norm(g); // Check the morm of the initial condition
J=10"23; dJrel=10"23; 1t=0;



// Iteration loop

while (dJrel>tol)

1t=1t+l:; Jold=J:

// forward integration of evolution egq
q0=g; [qT]l=0de(q0,0,T, list(StateForw, L));
g2=g’*g; qT2=qT’*qT;

J=p2y/ql2;

dJrel=abs ((J-Jold)/J);

// backward integration of adjoint eq
aT=-2xqT*(g2)/qT2"°2;

[a0]=0de (aT,T,0,1list (AdjntBack,L));
g=-a0*x(qT2/2.0);// enforce the optimality equation
end

// end of iteration loop

// print resulis

G=1.0/J;

it, G, G_exact

g // optimal 2nitial condition
g=g/sqrt(g’*xg) // mormalize

qT // optimal response

// end of program



--> // print results
--> G=1.0/3J;

--> it, G, G_exact
it =

5880.2559
G_exact =

5880.2554

--> g // optimal initial condition
g=

1.2819809
0.0037302

--> g=g/sqrt(g'*g) // normalize
g =

0.9999958
0.0029097

--> gT // optimal response
q'r=

0.7775628
98.30352

--> // end of program



Step 7#10: Example: Final target state
with time-dependent forcing

— - ——— o —
— e J -

o e - - - - o
= - ™ .
= e ~
————— -~ .
P - e — -~
=~ ~— >~
1 -~ ~
-~ -~ ~
~ "y -~
~ ~ ~
~ ~ ~
~ L
~ \
N Y >
 T—
X=D

Example of shooting method.



The control function g = ¢g(t) is now time dependent. We consider:

l
% = f(q,9) with g = g(¢)
q(0) = qo

Determine ¢(t) such that the final state targets to P, i.e. q(1T) — P.
We introduce:

Energy control

1 ~2 T
J=5l)—-P)(qT)—P)+ ’2 /O (g-g)dt

Performance term

Penalization term



We consider the Lagrangian formalism and introduce:

— f(g.9)| dt — b [q(0) — qo]

g

/
Lla.9.0.6) =T (@.9) = [ a(®) |5
0 _(hL

We derive the optimality system.

> Adjoint equation: variation with respect to the state ¢

lim E(q £ 3 6(]7 g, a, b) o L(q g, a, b) = \V/(]

e—( E

By modifying the notations used in ([1.1), we obtain:

0J ! dg  Of ) )
1) — (t) | ——=¢q|dt—0bq(0) =0
o) = [ at) (G- Fa)ar-vao =0 v




3.7 o dg  Of )
ool = [ at) (G- Fa)a-vao =0 v

Similarly as before, we modify this expression to introduce ¢ in factor. For
that, we use the same two tricks:

of / <()f> .,
—q dt — | a-qgdt
/o ‘D31 ), o,

2. Integration by parts:

L.

T T
/ o(t) 9 dt = o(T) G(T) — a(0) §(0) — / e VI
0 dt 0 dt




oJ . o ) -
—= aq(T)Q(T) — (a(T) qg(T') — a(0) g(0)) — /0 {_

da(t) (ﬁ

¢ 3

From the definition of J, we deduce:

=2
ﬂ
m
2
Q| =
—~
N."#
N
A
Q|
D | S~
\/
~
Q
I |
R
™
i
~~



B da(t) g X
— 1 — | al -qdt
0 dt dq
=0 Vg
We deduce:
. da(t) of\"
1. Adjoint equation. = <O_q> a(t)

2. Adjoint equation. Terminal condition. a(7T") =q(1) — P

3. Compatibility condition. a(0) = 0.




> Optimality condition: variation with respect to the control ¢

o L9 +egab) — L(g,9,a,b)

e—0 &

—0 Y

dq

/4
Reminder: L(q,g,a,b) = J(q,9) —/ a(t) [E — Fld; 9)} dt —b [(1(0) — (10]
. 't

We obtain (almost immediately) that:

()j / ( )(11‘—0 Vg
()j / ( ) a-gdt =0 Vg




8j~ .’T ({)fo T )

| — perdl =1
dg " /o (Qq) o

1

2

Since J == (q(T) — P) (q(T) — P) + % fOT (g - g)dt, we got

.

N
dg

| T T f)f i &
v / g-qgdt +/ (—) a-qgdt =20 N7
J0 0 dg

T
6) .
= § =2 / g -edt operator notation —
0

Optimality condition



We get the following optimality system

d,
(Tz{ = fla.9) + 4(0) =q
la(t Y
) = —f> a with a(T)
dt q
1 [of
T gy

State equation

q(T") — P Adjoint equation

T
) a Optimality condition




Step #11: Example: Optimal temporal

distribution of heating

Objective: Target the temperature 6(f) at time 1" to P.
We introduce the state variable ¢ as

where 6, is the external temperature. We assume that 6(0) = 6., i.e. ¢q(0) =
0. The state equation is given by

dq
dt
q¢(0) = qo

= —Aq+ Bg with ¢ : heating depending on time

The cost function is:




We are exactly in the framework of Step #10 with

f=—-Aq+ Bg — ﬁ = —A and O—f = B
dq dg

Optimality system:

dc | |
T; — —A(I T B!f] ; ("1(0) = ¢y otate equation
717. t . . .
((IISL ) — Aa(t) with a(T) =¢q(T)— P Adjoint equation
d

1 N .
g = ——DLa Optimality condition

/




Analytical solution: We insert the expression of ¢ in the equation for g.
We got:

1D |
=00 = [8(t) = exp(C1) B(0) 1.2)
d
where
; .
b = (q ) and C = ’ ~2
- 0 A



We note

Lo
M) =ct= [ 4 2Pt :<(l(?‘) b(ﬂ)
0 At

By definition of the exponent of a matrix, we have:

|
exp (Ct) = exp (M (t)) = Z ﬁ*\lk

keN

We can prove that

where
k

- . . a
ap =b (al" el B RN B 1) =%
a—€



We finally deduce that:

, exp (al(t 5 | 7
o (a1 = (W EO) 0 )
where . -
#(t) = (exp ((I(le)__(?kp (t)) = i sinh (At)

The solution of (1.2) is given by:

D(t) = (%D - (CXP(BA(T)) exl)‘j(A(z‘))) <Z§8§> .

-~
P e
~
e

q(t) =exp(—A(t)) q(0) + x(t)a(0)| and |a(t) =exp (A(t))a(0)




Using the terminal condition a(1") = ¢(1') — P and assuming that ¢(0) = 0,
we can prove that:

B? sinh ( At
(I(f) = (I()pt.(t) =P 2 (Bz)
" Aexp (AT) + — sinh (AT)
/‘,
and AB (A1)
exp (At
g(t) a g()pt(t) =P D B2

A exp (AT) + — sinh (AT)



Scilab program: Solve the problem for A=B=1; P=1;T =6.

S/ KKKK KKK KKK KKK K KKK KK KKK K KKK

J/x FUNCTIONS # Drive_to_Final_Target State by Time_Dependent_Forcing.sce
S/ KKK KKK K KKK KKK KKK KK KKK KK KKK

// Returns the rhs state equation;

function [rhs]=StaEqnRHS (tloc, q, g, A, B);
rhs=-Axq+Bx*g;

endfunction;

S/ KKKK KKK K KKK KK KKK KK KKK KK KKK KK KKK

// Returns the rhs of the adjoint;

function [rhs]=AdjEqnRHS(tloc, a, A);
rhs=Ax*a

endfunction;

AR I R R T R R

//* M A I NP ROGR RUAM+
AR I R
// Here we give a value to the parameters
// and choose the initial conditions
A=1.0, B=1.0 // coefficients of the equation
q0=0.0 // 4nitial condition
p=1.0 // target temperature
T=6.0 // target time
gam2=0.01 // weight of control cost gamma "2
maxiter=15 // 4dterations
Nt=200 // retained time samples
alpha=min(0.5,gam2) // relazation factor
for j=1:Nt;

t(j)=(j - 1)*T/(Nt - 1); // time grid
end ;
g=0.0xt; //initialize to zero the control;
// perform iterations up to maziter




// perform iterations up to maziter
for iter=1:maxiter

//

//
//

//

//

//
//

/7

//

//

//
//

//

end // end of the 4iteration loop
pause

Integrate state eqn forward in time;

q(1)=q0; // give IC;

for j=2:Nt;

local time interwval and local IC
t_i=t(j - 1); t_£=t(j); q_i=q(j - 1);

local control in the time interwal:
gloc=0.5*x(g(j)+g(j - 1));

integrate forward and store solution in q_f
[q_fl=ode(q_i,t_i,t_f,list(StaEqnRHS, gloc, A, B));
q(j)=q_f;

end

compute cost of control and total cost

g2int=0.5*g (1) "2+sum(g(2:Nt - 1)~2)+0.5*xg(Nt)~2;

Jg(iter)=0.5xgam2*(T/(Nt - 1))*g2int;

J(iter)=0.5*x(q(Nt) - p)~2+Jg(iter);

Integrate the adjoint equations backward in time

enforce IC (at T) for backward integration

a(Nt)=(q(Nt) - p);

for j=Nt-1:-1:1;

local time interwval
thi=t () s taf=t (D)5 Tati-a(j+l)s

integrate backward and store solution in a_f
[a_f] =ode(a_i,t_i,t_f,list(AdjEqnRHS, A));
a(j)=a_f;

end

Enforce optimality cond. using under-relazation;

g=(1 - alpha)xg+alpha*(-B/gam2)*a;

and plot the result of the current iteration;

Plot q(t) and g(t);

xset ("window" ,0) ;

xtitle(’State and control (all iterations)’, ’t’, ’q (green) and g (blue

plot2d(t’,q’,style=3); // style = 3 green

plot2d(t’,g’,style=2); // style 2 blue

Plaot a(t);

xset ("window" ,1); xtitle("Costate (all iteratiomns)", 2t?, ’a?’);:

plot2d(t’, a’,style=1);




pause
// Compare to ezxzact solutions computed for q0=0;
DEN=(Axexp (AxT)+(B~2/gam2)*sinh (A*T)) ;
q_ex=p*(B~2/gam2)*sinh (A*xt) /DEN;
g_ex=px(AxB/gam2)*exp (Axt)/DEN;

xset ("window", 3); clf();

xtitle(?q versus q_ex?, ’t?, ?2q');:

plot2d(t’,q_ex?’, style=-3); plot2d(t’,q’, style=3);
xset ("window" ,4): clf():

xtitle(’g versus g_ex?, ?*t?, g?);
plot2d(t’,g_ex’,style=-2); plot2d(t?’, g’, style=2);
// Print cost function hist%#y and convergence

for iter=2:maxiter

dJrel (iter)=abs (1.0 - J(iter - 1)/J(iter));

end

[[1:maxiter]’ J dJrell



q(green) and g (blue)

094

084

074

064

05+

0.4+

0.3+

024

0.1

0

Time evolution of state and control variables at all iterations.

State and control (all iterations)

q ——> Green

g —— Blue

8

i i V) ) o) i | O AT IRRAGEE L | N M A i) i Vi) (el il il sl e R R T R . . T . . . R R T L R R R R

v v T —T—T— v v
07 08 08 1 11 12 13 14 15 16 17 18 19 2 21 22 23 24 25 26 27 28 29 3 31 32 33 34 35 36 37 38 39 4 41 42 43 44 45 48 47 48 49 5 51 52 653 654 65 56 57 58 59 8

t t =06



Time evolution of costate variables at all iterations.

Costate (all iterations)
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Block diagrams for feedback control

w(t)

C(Q Plant

X

Controller -

r(t)

Fig. . Full state configuration.

Full state configuration 1

Terminology:

Plant :

. Model-based approaches

@ White-box model
@ Grey-box model
@ Black-box model

Model-free approaches

@ X' states

[>

PPPP

Y: measured output or
observable

Z: reference output
¢ input or control
w: disturbance input

r: reference input



Linear quadratic control Original problem and Lagrange multip/ieru
> Linear state-space model

Flx,u)=x—Ax — Bou=0

> Cost functional

i 3
J = / (z C{Crz + 2wl ) dt
0

b | = Y| =

[(Chz, C1z) + (% (u, u)]

/
where (a, b) = / a' (t)b(t) dt + complex conjugate.
0

Determine the solution & and the control parameter w such that the cost functional [J reaches
a minimum.
> Lagrangian functional where = (%) is to enforce F'

Lz, u.x") 2 T(x,u)— <F(a:u):c+>

Determine the solution x, the control parameter w and the Lagrange multipliers ™ such that
the Lagrangian functional L reaches a minimum.




Optimal control theory Derivation of the optimality system 1

> Direct problem

" Lz, u,zT +edxT) — L(z,u,xT
<Vm+£,0w+>:lim i il il Sl

e—0 €

r Jim, ) — Jle, )
= lim

e—0 €

I (x — Ax — Bou,x™ + edxt) — (x — Az — Bou,x™)
— lim

e—0 €

= —<:i3—A:1:—BQ'u,(5m+> =0 Wizt

x=Ax+ Bu State equations




Optimal control theory Derivation of the optimality system 1

> Adjoint problem

: L dx.u.xzt) — L(z.w. xt
5 o B Ty 0, U, ) — L, 0, )

e—0 €

. J(x+ ez, u)— J(x, u)
= lim

e—0 €

<(w + edx) — A(x + edx) — Bou, :I:+> —(x— Az — Bou,x™)

— lim
e—0 €
— a—jc)ac - <(()a:):c+> + (Adz, z™)
NG A
TI TII I1r

Some transformations:

dx,u) — .
Ty = iy P 3 S0 ) — s v
e—0 €

1
=5 [(C1éz, C1z) + (C1z, C1éz)] = (C1éz, C12) = (dz,C{ C1z)




< Optimal control theory Derivation of the optimality system 1

: T . \H r (T :
Ty = <(Oa:)a:+> = / (O:c) xt dt+cc. = [5:cH x ]0 —/ dxl x+ dt+cec.
0 0

Since dx(0) = 0 and considering that 2 (7") = 0, we obtain: 17; = <5:c. —a:.+>.

) Tiir = (Adz, z*) = (6, A*a™t)
_—
(VoL,dw) = (52, CF Cra) + (5@, @+ ) + (52, A*a™)
= (62,C Cra + o+ + A*xt) =0 Voa
=4

—xt = Atz 4 C’fClw Adjoint equations

2 (T)=0| TC.




Optimal control theory Derivation of the optimality system “1
> Optimality conditions

i . du,xz") — R, 22
(Vuﬁ.du):limﬁ(w w+ eou, ") — L(z,u,x™)

e—0 €

. J(x,u+edu) — J(x,u)
=

e—0 €

s (@ — Ax — By(u+ €du),xzt) — (x — Az — Bou,x™)
-y :

0T . )
= a—jOu—l— (Badu, ™)

ou \— —

Ty Trr

Some transformations:

9 5 - 0 (‘"2 = o ¢ .
aTy = lim i e, i i) = — [(u,0u) + (du, uw)] = € (fu, u)
e—0 € 2
aTrr = (Badu,z¥) = <5u.B§Laf:+> S



Optimal control theory Derivation of the optimality system 1

(Vo l,du) = 62 (bu,u) + (du,Byz*) =0 Vou

B;'a:+ = —(*u Optimality conditions

and
Vul = Biz™ + f’u



Optimal control theory Optimality system - Linear quadratic contro/1

STATE EQUATION:

COST FUNCTIONAL:

ADJOINT EQUATION:

r=Ax+ Byu

x(0) = xg (1.C.)

|
J =3

P
/ (:UH ClHCl x + 2 ul u) dt
0

OPTIMALITY CONDITION:

L

—xt = Atzt + C{Crax

xt(T)=0 (T.C.)

B.+ i




Optimal control theory Resolution of the optimality system 1
> Optimality system: three unknowns @. u and xt.
> 1. Remove u from the optimality system

1
optimality conditon — wu(t) = —[—_)Bgra:“L(t)

> 2. Insert this relation into the direct and adjoint equations. We obtain an Hamiltonian system
given by

T\ A —%ByBy = . x(0) = xo
zt)  \ —-CfC —A* at 2 (T] = 0O

> 3. Consider that () = II(t)x(t) where IT € R"=*"=
> 4. Obtain continuous time algebraic Riccati equation (CARE)

- 1
—II=A"I+1TA- 5B, Bf I+ C{ C1 | with I(T) =0

> 5. Kalman gain

L u(t) = K(t)x(t) with |K(t) = ——BJII(t)



Linearized channel flow 1

> The Navier-Stokes equations linearized about a base flow U = (U (y), 0. 0) write:

V- u=0 u small perturbation around U

0, 1, o .
= +UW) 5=+ (U'(4)v.0,0) = =Vp+ V- [ur(y) (Vu+ Vu')] + f

Vi
withvp = — (1 + —t) where 1/; is a turbulent viscosity.

Re 1%
> Mean velocity field

¥y ,
(IPu, Y 1 ] Fluid: p, u h
{ — | > e
J(y) 7 /U — dn - -i
=

Top wall

Poiseuille

-1 Controller [*#* 4"+




Linearized channel flow Poisson equation 1

9, 0 Jp du  Ov
(01‘+U(U)()J) u+U'(y)v _—0—+1/T(1/)A11+1/T(z/) (0 01) j ¢
(1)
(53 +U3:) v =~ () + 25 () @
0, 9, Op ow Ov
(5 & U(y)m> w = O (l/)AU 5 I/T (()l/ + 0:) +f- ()
> Poisson equation
_@ T B o —
v - , - Ov
2U'(y) I —Vp+2vp(y) Vv + QI/T(U)()— +V.f




Linearized channel flow Orr-Sommerfeld / Squire equations1

> Orr-Sommerfeld equation: V2 (2) + Poisson equation =

.

' a i 0 N ), r o [ OV
E(V“p) + U(y)V? (é)(r> - ; (y)(‘);r = vr(y) Vv + 205 (y) V2 (()y)

. 0%v : 9,
— v (Vo420 (y) -5 + Vi fy — =V - f
dy= dy
> Squire equation:
Reminder: w, = 3—1’ = :))—l,‘
- (1) < B) —
0z Ox
B, 0 . 0 Of.  Of. v
— +U(y)— | wy — vr(y)Vw, — Vp(y)—w, — — + —= = —U'(y)-
(()f (J)(‘)l) Y T(J) Yy T(/)()l/ Yy 0: 01 (J)():

LFrom 4 unknows (u,v,w,p) to 2 equations (Orr-Sommerfeld/Squire) with
two unknowns (v, wy)




Linearized channel flow State-space system (1) 1

> Normal mode decomposition: w(x.t) = w(y, f)(,l(ar+,8:)

where a and /7 denote the streamwise and spanwise wavenumbers.
> Setting

0

o -

k? = o? -+ ;32 and A = —
- Oy?

— (a® 4 3%) = D? — k* we show that

V2 = Ad(y,t) e*(**+F%)  and E(v%) = Ad(y, t) e (@x+F)

> After (some) manipulations, we obtain for Orr-Sommerfeld:

(D? — k%) 0 = Los? — (iaD,k*,iBD) | f,

5
Ot )

with
Los = —ia [U(D? — k?) — U"] +vr(D? - k?)? +2v5(D? — k?) D + V(D2 + k?)

L




Linearized channel flow State-space system (2)

> Similarly, we obtain for Squire:

OW’y . ] A = b . oy
7 = —l‘,ij(] (3] + [.:SQ u)y + ('1‘13. O —IQ) fy
| #

with
Lsg = —iaU + I/T(D2 — 4 vip D

> State-space system

(70" D))= (5 2 )C)
0 1 )at\e,) \ —iBU" Lso ) \&,

n —iaD —k? —iBD JiI

1



Linearized channel flow State-space system (3) 1

le.
O [ v v fl
E— " — A e + B) fl/
Ot \w, Wy, N
[z
> Observer.
Suppose we measure §y = (. v, zZ*)T. We then can show:
i il —if3
i 1 oY | 0 _ 0
3] — ﬁ - O ~ l.e. Yy = CZ R
w | i3 (j—) LY Y Y
y
s a mkT
>LetE = (V,wy,)” andd = (fI fuy f.,) , we obtain:
E 9 4 Az + B
—& = AT u
ot ’




Step #12: Example: Feedback control of
linear systems with quadratic cost func-

tions

LQ) systems: Linear Quadratic systems

dg
Tz{ = Ag+ Bg with ¢(0) = qq State equation
at

Determine ¢ and ¢ such that

i .
J((MHZ;/ q-Qq¢ +v* g-g dt
0 \.\,—/ v

o

Performance Cost control

is minimized where @) is a symmetric positive definite matrix.



dq

Ex: We consider the closed-loop solution of = = = Aq+ Bg with g = —Kq
dt
where A is the Kalman gain. We have directly:
(Iq
g = (A— BK)q closed-loop system
dt
- O _
Scilab program: A = Re g3 | B= [é ?] Ll = [é (i] and Re =
¥
L Re

100.



// define system , .
Rey=1gO ’ Riccati based control.
A=[-1/Rey, 0; 1, -3/Rey]

B=[1, 0; 0, 1]

Q=[1, 0; 0, 1] LQR_Control.sce
gam=1000

// solve Riccati equation

R=B*B’/gam~2;

X=riccati(A, R, Q, ?c?, ?’schur’?)

// compute feedback matriz

K=B’*X/gam~2

// linear modal stability of uncontrolled system
disp(spec(A))

// optimal transient energy growth of uncontrolled
// system ts the L2 norm of exp(At)

Nt=200; t=linspace(0,3*Rey,Nt);

for j=1:Nt;

Gunc (j)=norm(expm(A*t (j)))~2;

end

Guncmax=max (Gunc)

// linear modal stability of controlled system
disp(spec(A-B*K))

// optimal transient energy growth of controlled

// system ts the L2 norm of exp ((A - BK)t)

for j=1:Nt

Gcont (j)=norm(expm ((A - BxK)*t(j))) " 2;

end

Gcontmax=max (Gcont)

// Plot

xtitle ( "Ricatti based feedback control" , "t" , "G" );
plot(t? ,Gune ,“+-")

plot(t’,Gcont ,"o-");

legend ( "Gunc" , "Gcont" );

//plot2d(t,[(Gunc), (Gcont)])

// end of program
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Introduction Variational approach Kalman filters Machine Learning or DA?

Context
Meteorology Oceanography k
Model Observations /
/ \ j*L,V, ; "‘
8— +Viv=0
ot

Titaud (2009) Meétéo France, 10/09 14h Daget (2008)

\ / Floods forecast

Assimilation

Xo=xe: X"t Y ?

Honnorat (2007)
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Introduction Variational approach Kalman filters Machine Learning or

Context

Movie restoration Contour tracking

Papadakis (2007)

Model: Level-Set/Lightness transport equation.
Control parameter: noise in the model.

Papadakis (2007)

2/19



Introduction Variational approach Kalman filters

Machine Learning or

Context
Turbulence closure Flow control
lw(t)
e 20

- Flow

0 y(t)

5 Controller

B et

E(x)

Farazmand & Protas (JFM, 2011)
Kato et al. (JCP, 2015) 3/19



Introduction Variational approach Kalman filters Machine Learning or DA?

Context

Principle: To combine at best different sources of information to
estimate (optimally) the state of a system:

@ Imperfect observations (incomplete, noised)

e Imperfect model (simplified)
@ A priori knowledge of the state of the system

» background
> statistics

Approaches:
@ Variational method: Minimisation of a cost functional J
@ Stochastic method (ex: Kalman Filter)

Data-driven or Physics-based?777
BOTH

4/19



Introduction Variational approach Kalman filters Machine Learning or DA?

Context

For what purpose?
e To identify initial and boundary conditions
o To identify unknown model parameters

@ To improve numerical modelling (Turbulence model for
instance)

To interpolate optimally sparse observations

To reconstruct indirectly non observed variables (virtual sensor)

5/19



Chapter 1

Data Assimilation

1.1 Error statistics
Mean:
E(x) = (z) scalar ;o E(x) = (E(x1),E(xs), - ,E(z,)) vector-valued

Variance, covariance (z, y scalars):

Var(z) = E (¢ —E(2))?) : Cov(z,y) = E ((z — E(x)) (y — E(y)))
We say that errors € are:

e unbiased if E (¢) = 0;
e uncorrelated if E (e1€}) = 0 (errors are independent);
e non trivial if Cov (€) is positive definitdl]

Covariance matrix (x vector-valued):

Cov(x) =E <(X —E(x)) (x — E(x))T>
(Cov(x));; = Cov(ws, z;) = E((; — E(x:)) (5 — E(z5)))

e.g. for x = (z1,x9, x3):

Var(z;)  Cov(zy,z3) Cov(zy,zs)
Cov(x) = | Cov(zy,22)  Var(zy)  Cov(za,xs)
Cov(zy,23) Cov(ze,z3)  Var(zs)

LM positive-definite <=  x*Mx >0 for all x € C"\ {0}

1



1.2 A very simple scalar example

Suppose we have a background estimate of the temperature in a room T,
and a measurement (observation) of the temperature 7,. We assume that
these estimates are unbiased and uncorrelated.

u
(a) To (b) jjb

What is the best estimate of the true temperature 7;7

Example: Two observations T, = 1 and T, = 2 of some unknown quan-
tity T
.3
Ming [(T —1)*+ (T -2)’] =T = 5
Problems:
1. Sensitivity to any change of unit.
lobs. T,=10of T"and 1 obs. Ty =4 0f 2 x T

Ming [(T — 1)+ (2T — 4] = T =

2. No sensitivity to the precision of the measurement: same estimate even
if T, is more accurate that Tj.

We consider the best estimate (analysis) to be a linear combination of
the background and measurement.

Ta = CYbT‘b + CYoT‘o

Then the question is how should we choose o4 and «,?
We need to impose two conditions.



1. We want the analysis to be unbiased.

Let
Ta:ﬂ—i_Ga
T, =T, + &
T0:E+€o
Then

(€a) = (T — T2)
= <Cl/bTb + o, T, — T;:)
= (o (Th = Ty) + oo (T, = T) + (o + o — 1) T3)
= ap(€p) + o) + ( + ap = 1)(T3)
Hence to ensure that (¢,) = 0 for all values of T;, we require that
ap+ o, =1

SO

Ta = OébTb + (1 - Ozb) To

We want the uncertainty in our analysis to be as small as possible i.e.
we want to minimize the variance.

Let
(e2) = o
(e5) = 0}
(€)= o0,
Then

(T, — T,)*)

<(CYbTb + (1 — Oéb) T
((ow (T,

((apep + (1 — ) 60)2>

abab +(1- ab) aﬁ

T,)*)

using

T) + (1 — ) (T, - T1))")

(€p€o) =0



d 2
Then setting d% = 0, we find

Qp
a;
Qy
02+ of
Hence we have
1 1
2 2 _2Tb + _gTo
Jo Ub Ub o
Tn=5"5Th+ 55T = 1 1
o+ oy o+ oy L
ot o2

This is known as the Best Linear Unbiased Estimate (BLUE).

We also find that
1.

2 2
o~ sbao > < min{o}, 0’
o5+ 0y
2. Let p be the precision:
A Ll ) +p(T) Precs dded
W) = ==+ —= 5 recisions are adde
b Var(T,) o} o2 P\l TP

Variational point of view. Looking for the BLUE is equivalent to solving:

1{(T-T,)° (I-T,)°
2 op o2

Minimizer J(T) = Jy(T) + J,(T) =

Remarks:
e This gives a rationale for the choice of the norm in J.

e This solves the problem of sensitivity to the units and non-sensitivity
to the precisions.
1 1 1
o J'(r) = — + - =
() o o2 Var(T,)
Convexity of J — precision of the estimate.




Alternative formulation: background + observation. The analysed

temperature reads:
2

Ty
Ta:Tb+2—2(T()—Tb)
N Innovation

Gain
Remark: When everything is linear, the BLUE is equivalent to solve a
variational problem.

How can we generalize this to a vector state and a vector of observations?

1.3 BLUE for vectorial quantities

We consider:

y=Hx+¢€ x'=x+¢é

where H is linear. We assume the Gaussian approximation, i.e.
¢ ~N(O,R) and € ~ N(0,B)
Analysed solution:
x“:xb—i—K(y—be)

K =BH” (R+HBH") "
P’ = (I- KH)B

xP x® ¥

Figure 1.1: PdF.

Error statistics. Assumptions and definitions.

e x! is defined as the true unknown state.



e Observation error statistics:
=y—Hx' with E[]=0 E[e"]=R
which is in particular satisfied if e ~ N (0,R).
e Background error statistics:

e =x"—x' with E [eb] =0 E [EbebT} - B E [EbeoT] ~0

e Analysis error statistics:

€ =x"—x" with Ele"] =0 E [e“e*"] = P*

Linear unbiased Ansatz for the estimate

e General Ansatz, linear in the first guess and the observation

x% = Lx" + Ky

e Writing it in terms of errors
e“:xa—xt:L(xb—Xtert) +K<HXt+€O) —x'
= Leé® + Ke® + (L+KH - 1) %’

Then E[¢’] = 0 and E [¢’] = 0 imply E[¢*] = (L + KH - I)E [x/] = 0.
Hence, we wish to impose

L=1I-KH
As a result, we obtain a linear and unbiased Ansatz:

x" = (I - KH)x" + Ky
:xb+K(y—be)
D

Innovation

Best linear unbiased estimator



e Posterior error:

@ = Leb + Ke°
=+ K (¢ — He")
so that
P —E[eT] = E (¢ + K (¢ — H)) (¢ + K (¢ —H)) |

E aT
E (L +Ke') (L + Ke?) |
E

[Leb (eb)T LT] +E [Keo ()" KT}
= LBL” + KRK"

In summary:

P*=(I-KH)B(I-KH) + KRK”

e We look for a global measure of the error, for instance Tr (P%). Let us
find the optimal K that minimizes this metric.

Best linear unbiased estimator
e Variation of the metric with respect to a variation of K, i.e. 0K
5 (Tr (P%)) = Tt ((—5KH) BL + LB (—6KH)” + SKRK” + KR(SKT)
—Tr ((-LB"H” - LBH" + KR" + KR) (¢K)" )

—2Tr ((-LBH” + KR) (°K)")

e At optimality, one infers that
—LBH" + K'R =0
~(I-K'H)BH" +K*'R =0
, from which we obtain:
K*=BH” (R + HBH'|
from which we get the BLUE solution:
X“:Xb—i—K(y—be)
K =BH” (R +HBH") '
P*=(I-KH)B

7



Inserting the expression of K* onto the one of P?, we get:

P'=(I1-K'H)B



Introduction Varlatlonal approach Kalman filters Machine Learning or DA?

4D-Var O

4D-Var |dent|f|cat|on Principle

Papadakis (2007)

We have some observations ).

. Observations Y

6/19



Introduction Variational approach Kalman filters Machine Learning or DA?
4D-Var ective \

4D-Var identification Principle

Papadakis (2007)
We know a model M. ¢ model parameters
oX(t
3£ ) +M(X(t),c)=0 ; X(0)=Xp
X . Observations Y

Xos X(t)=X(t;n,c)

6/19



Introduction Variational approach Kalman filters Machine Learning or DA?
4D-Var

4D-Var identification Principle

Papadakis (2007)

We know a background solution (X2, ¢?). (1, ¢) control parameters.

oX(t
ag ) +M(X(t),c)=0 ; X(0)=X{+n
* . Observations Y
xj|

Background

Solution /_/\’
Xoy X(t) = X(t;n,¢)

6/19



Introduction Variational approach Kalman filters Machine Learning or DA?

4D-Var

4D-Var |dent|f|cat|on Principle

Papadakis (2007)

We know a background solution (X2, ¢?). (1, ¢) control parameters.

0X(t)
ot

+M(X(t),c)=0 ; X(0)=X{+n

. Observations Y

!
X0
Background
Solution
0

6/19



Introduction Variational approach Kalman filters Machine Learning or DA?
4D-Var

4D-Var identification Principle

Papadakis (2007)
4D-Var: search for (72, ¢?) = argmin(J (7, c))

1 [T 1 1
J(n,c) = / | Y—H(X(t; 7, C))H%Adt+§||n||%71+§HC—Cbllél

2 Jo
X .
. Observations Y

Analized xa n n
Solution

,’7(1,

X8
Background
Solution

6/19
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4D-Var

4D-Var identification Principle

Papadakis (2007)
4D-Var: search for (72, ¢?) = argmin(J (7, c))

1 [T 1 1
J(n,c) = 2/0 | Y—H(X(t; 7, C))H%Adt+§||n||%71+§HC—Cbllél

X
. Observations
Xt) = X(t;n*,c*) _-=~~_

Analized xa Q (tim ’ ,)/ . -
Solution

77(1/

X3
Background
Solution
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1D-V Objectives 4

Variational approach

Kalman filters

Machine Learning or DA?

Objectives
Objectives of Data Assimilation: Forecast
X
y ?

o) = X(tm?,c?) -7
Xg L] /’/: ) \\.\ ==

IL~\~-__’,,’ \\\ . ’/”

T t
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1D-V es 4D-Var formalism

Variational approach 4D-Var formalism Papadakis (2007)
Model: ox
t
85 ) + M(X(t),c)=0
X(0)=Xo+n

Cost functional:

1 [T 1 1
J(n,c) = 2/0 |Y-H(X(t;n, C))H%fldH‘EHn”%fl‘}‘EHC_Cb”g'fl

e H observation operator

@ R, B and C correlation matrix which represent how we trust in
the observations and the background solutions.
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1D-V O t 4D-Var formalism

Variational approach

4D-Var formalism

Kalman filters Machine Learning or DA?

Descent algorithm, we need V 7:

Finite differences
X
X(t; Xo+dy, u)

X(t; X, , ut+du)

(%7{] on) = ~7("7+6677,:)*~7(77>C)

(%%,5C) _ J(n,c+e§:)fk7('n,c)

N: + 1 temporal integrations

Adjoint method
X,

X(0)

At ; X(0),u)

A(0)

A(T)=0

V J is a function of A(t)

2 temporal integrations

Gradient computation

9/19



Introduction Variational approach Kalman filters Machine Learning or DA?
X ,

4D-Var formalism

Variational approach 4D-Var formalism Optimality system

Find V.J for minimisation: A(t) Lagrange multiplier
o Adjoint equation

+ +
S0+ (5x) M= (fx) REEO) )
A(T)=0

@ Optimality condition

97 _
on

og [T oM\ ) b
8c__/0 <8c> A(t)dt+C (c—c”)

A(0) + B 1n
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Kalman filter [ o F

Kalman filter Generality

Bayesian formalism: propagation of the mean and covariance of the
state through time.

Linear model: qx = My.k—1qi—1 +ni,  mi ~ N(0, Q).
Observation: y? = Hiqy + €, €7 ~N(0,Ry).

f
A1 Y %
Initialization : f
Forecast,/Prediction : L VS
af = Myrqi_, q;:71 - q‘; :.-4’//
Pl = My 1 P{_ M, +Q, : \\ ’
i a
; N L IS VeS|
: N :
rern | Yh1% A f :
Analysis/Correction ~Hq; ;
k 0
7 = RYk+1
Ki=P{H] (H.P[H] + R,)
ai = af + K (v - Hyal) | | , Time
T T T
Py = (I - KyHy)P| th—1 tk Tt

Difficult to use in Fluid Mechanics: nonlinearity, size of the states, etc.
11/19



Machine Learning or DA?

Kalman filters

Generality

Introduction Variational approach
Ensemble Kalman filter (EnKF)

Ensemble Kalman filter (EnKF)
EnKF uses the Monte Carlo method to empirically represent the

statistics of the estimator.
Non linear model and observations
nk ~ N (0, Qx),

{ a4, = Mick-1(qr—1) + Mk,
¥ =Hi(qr) +€f,  €f ~N(0, Ry).

Pf obtained as P}* mg
- s k71 o x /,;»\ \
N, \ P SRNPEE AR
f n) gl —gl ) N % q}”“
[ — - s — \ a,(n)r T -
P, -q)(a."—q,) Q;A,) :“ S T TR
:1 ‘<\\~— \\\ \ - ///711
ANEEERNONE 2 qIAl.‘/
where Vi1 RTINS
T ™ 3
1 Qe o, Tk RY 71
Sl |
A 9 Time
=1 } T
! te—1 L lit1

Extension to Dual EnKF: for estimating the states qx and model
12/19
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Principles of ML

Machine Learning Definitions and Applications

“Field of study that gives computers the ability to learn
without being explicitly programmed.”
— Arthur Samuel (1959)

@ Machine Learning techniques, and in particular Deep Learning
(DL), have recently demonstrated impressive skills in reproducing
complex spatiotemporal dynamics.

@ The emergence of DL is largely due to:

» the development of efficient and user-friendly libraries (Python);
» the increasing computation capabilities (GPUs, TPUs);
» the access to (very) large datasets for training.

Data Qol

o
o/

@ Hidden Layer @ Output Layer @ Input Layer

Quantity of Interest
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Kalman filters
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Machine Learning or DA?

33
Qo

uopon®?

Value/Policy _/

Mode\(—(e
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Principles of ML

“Machine learning (ML) algorithms build a model based on
sample data, known as "training data", in order to make
predictions without being explicitly programmed to perform
the task.”

@ In most cases, the goal is to minimize a cost function which
expresses the discrepancy between the model prediction and
the data:

Ne
w”* = arg min Z lyi — M(vai)Hg .

weRNe 7

» The set {(x;,y;),i=1,---, N} is the trainig data.
» The model M is parametrized by a set of parameters w € RV,

@ This approach is called supervised learning.

@ In this sense, ML is not far away from data assimilation (DA).

15/19
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Return to 4D-Var

@ The cost function to minimise in 4D-Var is:

N
1 2
T = 3 el
Ne—1

2
+3 kzo X+ = Mi(w, xi) g

v

x, € RV s the state at time ty;

yi € RV is the observation vector at time ty;

w € RN is the set of parameters of the model M, (e.g., the
weights of an artificial neural network);

N is the length of the assimilation or training window.

o If H, = I (full observations) and R = 0 (no observation
noise), we recover the standard ML cost function.

v

v

v
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s of ML Return to 4 r Discovering governing equations from data

@ Suppose that f(t) is the trajectory of a physical system. Define:

x; = F(i x At)
yi = F((i + 1) x At).

@ Then the ML minimization problem consists in finding the best
approximation of the map

f(t) — f(t+ At)
i.e., the resolvent of f(t), among all models
{./\/l i x = M(w,x),w e RNP} .

@ Instead of constructing the model from scratch, we could build a
hybrid model using an already existent model:

MR s (w,x) = MG+ MY

where M? is the original model and M7 is the trainable model.

17 /19
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Variational approach Kalman filters
Discovering governing equations from data

Neural Network Reduced-Order Model

- k
il ) = (aPOD(tH Bi)ick—prri W, b) + €kt

Introduction

Pt 1) = @0 (bwr; ) — @20 (b )

SN (W.b) {aPOP (i )Yk pi — {r(terrs my)}

aPOD c RN,.X 1; :u‘j c ]RNN x1

CLPOD(tkffH»l; ’J'j) .

aFOP(t_y i ) -

Thtlj = @ the1i M)

= G,POD (tk‘; “j)

aPOD(tk, ' ‘J‘j)

CL})OD (tk: "l’]) ' . i

(Np xp)+ N, +1 (L-2) N
hidden layers output nodes 18/19

input nodes
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