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To whom it may concern:

It is my pleasure to provide this appraisal of Dr. Agarwal’s contribution to the
various fields that his research has touched. I have followed his work closely for
the past 8 years and indeed I have had the good fortune to collaborate with him
on a number of occasions.

Dr. Agarwal’s research expertise is primarily in aeroacoustics and hydrodynamic
stability, and he addresses problems in these fields by combining theoretical
reasoning, model construction and analytical and/or numerical solution. The
association of aeroacoustics and hydrodynamic stability is particularly pertinent
for the former, as much of the underlying flow physics can be understood in the
framework of stability theory. As with many of the facets of Dr. Agarwal’s
work, this association is not accidental: it is the result of the kind of careful
thinking that characterises his research.

On studying Dr. Anurag’s work, one is struck by his deep understanding of
acoustics and compressible flow physics and his solid command of the mathemat-
ical tools necessary for their exploration. One appreciates a certain simplicity
and elegance in the way the problems are addressed. His thinking is creative and
produces studies that stand out from the crowd on account of their originality:
problems are clearly identified, carefully posed in a novel manner and meticu-
lously solved. While the models considered are simplified, their connection to
the more complex ‘real-life’ problem they mimic is always kept in view. A good
example of the foregoing qualities can be found in his recent correction and use
of Goldstein’s generalised acoustic analogy to study sound source mechanisms
in subsonic jets; and in the subsequent follow-up study where the frequency de-
pendence of the behaviour of the dispersion relation is considered in a simplified
model flow. While Goldstein’s theoretical developments are cumbersome, con-
tain errors and are not elucidated by means of examples, Dr. Anurag’s studies
are correct, cleverly simplified and carefully evaluated by means of pertinent
model problems.

Dr. Agarwal’s work contributes at the very highest intellectual level, making
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1. The enigma of pipe flow

Linear stability analysis of pipe flow,

U(r) = (1� r2)

shows that: 

- it is stable to inviscid disturbances, 

- it is stable to viscous disturbances,

But this is precisely the first experiment to 
demonstrate laminar-turbulent transition at

Re ⇡ 2300 !?
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1. The enigma of pipe flow

Hint: transition in pipe flow depends on 
the amplitude of disturbances

Eckhardt et al. ARFM 2007

Research continues on the  
Reynolds experiment
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1. The enigma of pipe flow

Hint: transition in pipe flow depends on 
the amplitude of disturbances

Hof et al. Phy. Rev. 2003

Pipe is 15m long!

Normalised 
disturbance  
amplitude
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1. The enigma of pipe flow

Patel & Head 1969: 

Karnitz et al. 1974 
(background disturbances: 0.3%)

We’ve seen something like this before

Rec = 2500

Rec = 5000

Classical modal linear stability analysis 
only worked for Nishioka et al. because 
of very low background levels
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1. The enigma of pipe flow

Mode unstable if

So far we’ve been focused on a mode-by-mode study (modal approach)

cI > 0

What about linear combinations 
of modes? 

Will their linear combination 
grow or decay in time?



Ellingsen & Palm 1975
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Ellingsen & Palm 1975

Linearised Navier-Stokes for uniform shear flow with no streamwise gradients
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Linearised Navier-Stokes for uniform shear flow with no streamwise gradients
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implying that      is constant in time, as are its components,   
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Linearised Navier-Stokes for uniform shear flow with no streamwise gradients

implying that      is constant in time, as are its components,   
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Which is an algebraic instability in time! 

Ellingsen & Palm 1975
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2. The Orr-Sommerfeld-Squire system

h
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Besides Orr-Sommerfeld

from linearised Navier-Stokes we can derive an equation for the normal vorticity,
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2. The Orr-Sommerfeld-Squire system
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Note that O-S is decoupled from Squire and can be solved separately

⌘ = 0

on a wall

Two sets of modes are obtained: 

- O-S modes: solve eigenvalue problem for     
- Squire modes: let ,            and compute modes for  

v
v = 0 ⌘

Exercise: obtain Squire eigenvalues for plane Poiseuille flow. Can you find an 
unstable Squire mode?
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2. The Orr-Sommerfeld-Squire system

All Squire modes are stable 

This is why O-S alone is sufficient to  
assess the modal stability of the system

So, why do we care about the Squire equation?
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2. The Orr-Sommerfeld-Squire system
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In the time domain these can be written as,

Schmidt & Brandt 2014

M = k2 �D2



3. The initial-value problem
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3. The initial-value problem

In the time domain these can be written as,

To understand the key behaviour, consider a simpler system with two 
degrees of freedom

Exercise: determine the stability 
characteristics of the system using  
normal modes

Exercise: simulate the initial-value 
problem with different initial conditions 
and Reynolds numbers, for µ = 0

µ = 1
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3. The initial-value problem

The normal system, µ = 0

µ = 1

Stable Unstable 
- exponential (modal) growth
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Stable:  no exponential growth,  
perturbations tend asymptotically to zero.
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Stable:  no exponential growth,  
perturbations tend asymptotically to zero, 
but an initial transient comprises growth
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Stable:  no exponential growth,  
perturbations tend asymptotically to zero, 
but an initial transient comprises even larger growth
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Stable:  no exponential growth,  
perturbations tend asymptotically to zero, 
but an initial transient comprises even larger growth

If threshold for ‘activation’ 
of non-linear terms lies  
here then transition will 
occur, despite the  
asymptotic linear stability 
of the system
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Unstable:  exponential growth,  
     but only after initial algebraic transient
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3. The initial-value problem

The non-normal system, 

µ = 0

µ = 1

Unstable:  exponential growth,  
     but only after initial algebraic transient



4. Non-normality and transient growth



I N S T I T U T   P P R I M E

4. Non-normality and transient growth

Normal systems (orthogonal modes): stability depends only on eigenvalues

Non-normal systems can experience transient growth due to non-orthogonality 
of eigenfunctions

Transient growth may transition to turbulence if disturbance amplitude is  
sufficiently high
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4. Non-normality and transient growth
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4. Non-normality and transient growth

Schmid & Henningson 1994 

Pipe flow, Re=3000 

G: maximum energy growth  
of initial disturbances



5. Bi-orthogonal projection



I N S T I T U T   P P R I M E

5. Bi-orthogonal projection

Demonstration done on blackboard



6. Optimal transient growth
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6. Optimal transient growth

Consider linearised NS system written in this way,

dq

dt
= Aq(t)
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Equation has general solution,                           , where,q(t) = eAtqo
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The general solution allows an interpretation in which       and          can be  
considered, respectively, as input and output, connected by the operator,  

q(t) = eAtqo
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q(t) = eAtqo
<latexit sha1_base64="ewyh7PGeErj9tDFVdh4Pc64eL2I="></latexit><latexit sha1_base64="ewyh7PGeErj9tDFVdh4Pc64eL2I="></latexit><latexit sha1_base64="ewyh7PGeErj9tDFVdh4Pc64eL2I="></latexit><latexit sha1_base64="ewyh7PGeErj9tDFVdh4Pc64eL2I="></latexit>

We can then ask, what is the input that will lead to the largest output; in other words, 
what is the most dangerous initial perturbation in terms of energy growth. 

eAt = R = (i!I �A)�1
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6. Optimal transient growth

The matrix operator connecting input and output can be decomposed via  
singular-value decomposition (svd),

R = U⌃V H
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where U & V are unitary matrices, i.e.,

-> each matrix has columns forming an orthonormal basis using the standard 
Euclidean inner product,

UHU = V HV = I
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 is a diagonal matrix of real, positive entries arranged in descending order.R = U⌃V H
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We thus have, q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
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6. Optimal transient growth

q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
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The projection of response         onto the modes of the basis     is equal to the 
projection of the initial condition      onto the modes of the basis     multiplied 
by the corresponding gains 

q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
<latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit>

q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
<latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit>

q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
<latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit>

q(t) = U⌃V Hqo,

UHq(t) = ⌃V Hqo
<latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit><latexit sha1_base64="Np0b52yWioaMlQbvZIiTNeQNue4="></latexit>

�i
<latexit sha1_base64="HIPCNedL+6+ME3nX3a+oEYWKvVI="></latexit><latexit sha1_base64="HIPCNedL+6+ME3nX3a+oEYWKvVI="></latexit><latexit sha1_base64="HIPCNedL+6+ME3nX3a+oEYWKvVI="></latexit><latexit sha1_base64="HIPCNedL+6+ME3nX3a+oEYWKvVI="></latexit>

The initial condition that produces the largest response is therefore the first column 
of      ,      , and it produces optimal response, v1
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6. Optimal transient growth

Optimal growth in Couette flow - streaks and rolls

By-pass transition in boundary layer

Brandt (2014)



7. Resolvent analysis
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6. Optimal transient growth

Consider linearised NS system written in this way,

(i!I �A)q̂(!) = f̂(!)

Lq̂(!) = f̂(!)

q̂(!) = L�1f̂(!)

q̂(!) = Rf̂(!)

q̂(!) = U⌃V H f̂(!)
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7. Resolvent

Optimal perturbations in frequency domain

Jaunet, Jordan & Cavalieri (2017) PRF
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7. Resolvent

Optimal perturbations in frequency domain: streaks (m>2) in turbulent jets

Nogueria, Cavalieri, Jordan & Jaunet (2019) JFM
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7. Resolvent

Optimal perturbations in frequency domain: streaks (m>2) in turbulent jets

Nogueria, Cavalieri, Jordan & Jaunet (2019) JFM
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7. Resolvent

Optimal perturbations in frequency domain: wavepackets (m=0) in turbulent jets

Lesshafft, Semeraro, Jaunet, Cavalieri & Jordan 2019

Experiment

Linear model (Optimal response)


