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To whom it may concern:

It is my pleasure to provide this appraisal of Dr. Agarwal’s contribution to the
various fields that his research has touched. I have followed his work closely for
the past 8 years and indeed I have had the good fortune to collaborate with him
on a number of occasions.

Dr. Agarwal’s research expertise is primarily in aeroacoustics and hydrodynamic
stability, and he addresses problems in these fields by combining theoretical
reasoning, model construction and analytical and/or numerical solution. The
association of aeroacoustics and hydrodynamic stability is particularly pertinent
for the former, as much of the underlying flow physics can be understood in the
framework of stability theory. As with many of the facets of Dr. Agarwal’s
work, this association is not accidental: it is the result of the kind of careful
thinking that characterises his research.

On studying Dr. Anurag’s work, one is struck by his deep understanding of
acoustics and compressible flow physics and his solid command of the mathemat-
ical tools necessary for their exploration. One appreciates a certain simplicity
and elegance in the way the problems are addressed. His thinking is creative and
produces studies that stand out from the crowd on account of their originality:
problems are clearly identified, carefully posed in a novel manner and meticu-
lously solved. While the models considered are simplified, their connection to
the more complex ‘real-life’ problem they mimic is always kept in view. A good
example of the foregoing qualities can be found in his recent correction and use
of Goldstein’s generalised acoustic analogy to study sound source mechanisms
in subsonic jets; and in the subsequent follow-up study where the frequency de-
pendence of the behaviour of the dispersion relation is considered in a simplified
model flow. While Goldstein’s theoretical developments are cumbersome, con-
tain errors and are not elucidated by means of examples, Dr. Anurag’s studies
are correct, cleverly simplified and carefully evaluated by means of pertinent
model problems.

Dr. Agarwal’s work contributes at the very highest intellectual level, making
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Overview of lecture 3

1. A quick recap. of lecture 2

2. Solving eigenvalue problems

3. Inviscid temporal instability of mixing layer (Kelvin-Helmholtz)

https://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-spring-2010/video-lectures/

For revision of linear algebra:

MATLAB programs:

/MATLAB/

Differentiationmatrices/chebyshev_introduction.m
SimpleEVP/EVPexample_Chebyshev.m
Rayleigh/Rayleigh_tanh_temporal.m
OrrSommerfeld/OS_Poiseuille_eigspec.m

MATLAB programs:



1. Recap. of lecture 2
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1. Recap. of lecture 2

The general approach for stabilty analysis can be understood by considering a  
simplified flow configuration:

- Parallel, 2D, shear flow,

General approach:

1. Equations of motion (mass and momentum conservation)
2. Non-dimensionalisation
3. Identification of BASE-FLOW (laminar solution)
4. Decomposition of dependent variables into MEAN & FLUCTUATING quantities
5. Substitution into equations of motion
6. LINEARISATION (subtract base-flow equations; remove non-linear terms)
7. Reduce linearised equations to some compact form (often a single equation)
8. Express dependent variables in terms of NORMAL MODES
9. Introduction of normal modes into linearised equation: 

- PDE system becomes a single ODE, but with too many unknowns
10. Specify a value for one of the unknowns (wavenumber for instance),  
solve for others: generally an EIGENVALUE PROBLEM
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1. Recap. of lecture 2

Fluid motions constrained by:

- Mass conservation 
- Momentum conservation 
- Boundary conditions

Fluid	
medium	

Fluid	
medium	

The Puppeteer Puppeteer
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1. Recap. of lecture 2

Fluid	
medium	

The Puppeteer 

course is parallel, i.e. the velocity is a function of one spatial variable only and is
driven by a pressure gradient in the flow direction

u(x, y, t) = U(y) + ũ(x, y, t) (68)
v(x, y, t) = ṽ(x, y, t) (69)
p(x, y, t) = P (x) + p̃(x, y, t) (70)

Note that the base flow needs to be a solution of the mean-flow equations in order
for the approach to be rigorous.

Substitute into the full equations and subtract the mean flow to obtain the
equation describing the evolution of non-linear fluctuation:

@ũ

@x
+

@ṽ

@y
= 0 (71)

@ũ

@t
+ U

@ũ

@x
+

dU
dy

ṽ +
@p̃

@x
+
⇣
ũ
@ũ

@x
+ ṽ

@ũ

@y

⌘
= Re�1r2ũ (72)

@ṽ

@t
+ U

@ṽ

@x
+

@p̃

@y
+
⇣
ũ
@ṽ

@x
+ ṽ

@ṽ

@y

⌘
= Re�1r2ṽ (73)

Non-linear effects, which can either amount to mean-flow deformation or energy
exchange to other frequencies (cascade), can be neglected if the fluctuation ampli-
tudes are small. As many of the cases we will consider involve the transition from
laminar to turbulent flow, the initial stages of transition, in which infinitessimal
perturbations are amplified until their amplitudes become sufficiently high for ac-
tivation of the non-linear terms, the linearised system is sufficient for description
of the initial stages of the transition process.

The linearised system is

@ũ

@x
+

@ṽ

@y
= 0 (74)

@ũ

@t
+ U

@ũ

@x
+

dU
dy

ṽ +
@p̃

@x
= Re�1r2ũ (75)

@ṽ

@t
+ U

@ṽ

@x
+

@p̃

@y
= Re�1r2ṽ (76)

From this system of equations a number of equivalent systems can be derived
where one or two differential equations capture, describe, constrain & explain the
same dynamics. We will not derive them in full (try this as an exercise).
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@ṽ

@x
+

@p̃

@y
= Re�1r2ṽ (76)
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7

From here we can derive the  
Orr-Sommerfeld & Rayleigh equations

Linear dynamics in an incompressible, 2D fluid are governed by
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1. Recap. of lecture 2
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@ũ

@t
+ U

@ũ
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Non-linear effects, which can either amount to mean-flow deformation or energy
exchange to other frequencies (cascade), can be neglected if the fluctuation ampli-
tudes are small. As many of the cases we will consider involve the transition from
laminar to turbulent flow, the initial stages of transition, in which infinitessimal
perturbations are amplified until their amplitudes become sufficiently high for ac-
tivation of the non-linear terms, the linearised system is sufficient for description
of the initial stages of the transition process.

The linearised system is

@ũ
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@ũ

@x
+

@ṽ
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From this system of equations a number of equivalent systems can be derived
where one or two differential equations capture, describe, constrain & explain the
same dynamics. We will not derive them in full (try this as an exercise).

7

Take divergence of momentum equations,

(1)

(2)

(3)

1 Derivation of Orr-Sommerfeld equation

Linearised dynamics for a 2D incompressible flow are governed by,

@ũ

@x
+

@ṽ

@x
= 0 (1)

@ũ

@t
+ U

@ũ

@x
+

dU
dy

ṽ +
@p̃

@x
= Re�1r2ũ (2)

@ṽ

@t
+ U

@ṽ

@x
+

@p̃

@y
= Re�1r2ṽ (3)

Take the divergence of the Momentum equations: @
@x (2)+ @

@y (3).

@
@x2:
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+ U
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@x

@ũ

@x
+

dU
dy

@ṽ
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@
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dU
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= Re�1r2@ũ
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(4)

@
@y3:

@2ṽ

@y@t
+ U

@2ṽ

@x@y
+

dU
dy

@ṽ

@x
+

@2p̃

@y2
= Re�1r2@ṽ

@y
(5)

Add these (removing all terms that are zero due to locally parallel flow assump-
tion),

@
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@
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⌘
+ 2

dU
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@ṽ

@x
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@x

+
@ṽ

@y

⌘

(6)

then use continuity equation to eliminate all terms expressing the divergence of
the fluctuation field, @u

@x+@v
@y = 0, giving,

r2p̃ = �2
dU
dy

@ṽ

@x
, (7)

which is the Poisson equation for the pressure. Note that in a compressible flow
system this would be a wave equation.
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@ũ

@x
+

dU
dy
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1. Recap. of lecture 2

1 Derivation of Orr-Sommerfeld equation

Linearised dynamics for a 2D incompressible flow are governed by,

@ũ
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@ṽ

@t
+ U

@ṽ
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@ṽ

@t
+ U

@ṽ
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Take the divergence of the Momentum equations: @
@x (2)+ @

@y (3).

@
@x2:

@2ũ
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ṽ +
@p̃

@x
= Re�1r2@ũ
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@ṽ

@y

⌘

(6)

then use continuity equation to eliminate all terms expressing the divergence of
the fluctuation field, @u

@x+@v
@y = 0, giving,

r2p̃ = �2
dU
dy

@ṽ
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This is the Poisson equation for pressure. In a compressible system it would  
take the form of a wave equation.
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1. Recap. of lecture 2

Now take the Laplacian of the y-momentum equation

Using the identity 

to expand the second term, and substituting from the Poisson equation,  
the equation simplifies to, 
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1. Recap. of lecture 2

As the x- and t- directions are homogeneous, normal modes can be used,

Fourier transforming the equation, with, 
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1. Recap. of lecture 2

gives the Orr-Sommerfeld equation, 

If we assume an inviscid fluid, this reduces to the Rayleigh equation, 

Fluid	
medium	

The Puppeteer 
Pupp



The Squire transformation
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3. The Squire transformation

Squire (1933) identified and exploited a similarity between the 2- and 3-D  
Orr-Sommerfeld equations,

Consider a 3-D disturbance, to a base flow,           , with polar wavenumber,

↵̃ =
p

↵3D + �3D

U(y)

and which leads to an unstable solution of the 3-D Orr-Sommerfeld equation 

in unbounded flow

�(y) (111)

must be bounded.
An alternative form of the Rayleigh equation, involving pressure, is often used

d2p(y)
dy2

� 2

(U � c)

dU(y)

dy
dp(y)

dy
� ↵2p(y) (112)

For a parallel shear flow subjected to three-dimensional perturbations, Orr-
Somerfeld takes the form

(U � c)
⇣d2v(y)

dy2
� (↵2 + �2)v(y)

⌘
� d2U

dy2
v(y) (113)

=
1

i↵Re

⇣d4v(y)
dy4

� 2(↵2 + �2)
d2v(y)

dy2
+ (↵2 + �2)2v(y)

⌘
(114)

Fourth-order ODE with six unknowns; and Rayleigh:

(U � c)
⇣d2v(y)

dy2
� (↵2 + �2)v(y)

⌘
� d2U

dy2
v(y) = 0 (115)

a second order ODE with six unknowns.

2.6 Squire transformation
Fielding does it like this.

Consider a 3D disturbance, with polar wavenumber ↵̃ =
p
↵3D + �3D that

leads to an unstable solution !i > 0 of the 3D OSE at Re3D. This disturbance is a
solution c, v(y)) with ci > 0 of the 3D OSE:

(U � c)
⇣d2v(y)

dy2
� ↵̃2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵3DRe3D

⇣d4v(y)
dy4

� 2↵̃2d2v(y)
dy2

+ ↵̃4v(y)
⌘

(116)

Compare this to the 2D Orr-Somerfeld equation

13
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3. The Squire transformation
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For any unstable 3D disturbance There exists an unstable 2D disturbance

(U � c)
⇣d2v(y)

dy2
� ↵2D

2v(y)
⌘
� d2U

dy2
v(y) = 1

i↵2DRe2D

⇣d4v(y)
dy4

� 2↵2D
2d2v(y)

dy2
+ ↵2D

4v(y)
⌘

(117)

These two equations have identical solutions if

↵2D = ↵̃ =
p
↵3D + �3D (118)

and

↵2DRe2D = ↵3DRe3D (119)

Re2D =
↵3D

↵2D
Re3D =

↵3D

↵̃
Re3D (120)

Which means that for a growing 3D disturbance at Re3D with ↵3D, �3D (↵̃ =
↵3D + �3D) there exists a growing 2D disturbance at Re2D with ↵2D = ↵̃

Squire (1933) identified and exploited a similarity between the 2- and 3-dimensional
Orr-Somerfeld equations. By defining the polar wavenumber

↵̃ =
p

↵2 + �2 (121)

and modified Reynolds number

Re2d =
↵Re3dp
↵2 + �2

(122)

=
↵

↵̃
Re3d (123)

Substituting into the 3D Orr-Somerfeld equation gives

(U � c)
⇣d2v(y)

dy2
� ↵̃2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵̃Re2d

⇣d4v(y)
dy4

� 2↵̃2d2v(y)
dy2

+ ↵̃4v(y)
⌘

(124)

14

at

(U � c)
⇣d2v(y)

dy2
� ↵2D

2v(y)
⌘
� d2U

dy2
v(y) = 1

i↵2DRe2D

⇣d4v(y)
dy4

� 2↵2D
2d2v(y)

dy2
+ ↵2D

4v(y)
⌘

(117)

These two equations have identical solutions if

↵2D = ↵̃ =
p
↵3D + �3D (118)

and

↵2DRe2D = ↵3DRe3D (119)

Re2D =
↵3D

↵2D
Re3D =

↵3D

↵̃
Re3D (120)

Which means that for a growing 3D disturbance at Re3D with ↵3D, �3D (↵̃ =
↵3D + �3D) there exists a growing 2D disturbance at Re2D with ↵2D = ↵̃

Squire (1933) identified and exploited a similarity between the 2- and 3-dimensional
Orr-Somerfeld equations. By defining the polar wavenumber

↵̃ =
p

↵2 + �2 (121)

and modified Reynolds number

Re2d =
↵Re3dp
↵2 + �2

(122)

=
↵

↵̃
Re3d (123)

Substituting into the 3D Orr-Somerfeld equation gives

(U � c)
⇣d2v(y)

dy2
� ↵̃2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵̃Re2d

⇣d4v(y)
dy4

� 2↵̃2d2v(y)
dy2

+ ↵̃4v(y)
⌘

(124)

14

(U � c)
⇣d2v(y)

dy2
� ↵2D

2v(y)
⌘
� d2U

dy2
v(y) = 1

i↵2DRe2D

⇣d4v(y)
dy4

� 2↵2D
2d2v(y)

dy2
+ ↵2D

4v(y)
⌘

(117)

These two equations have identical solutions if

↵2D = ↵̃ =
p
↵3D + �3D (118)

and

↵2DRe2D = ↵3DRe3D (119)

Re2D =
↵3D

↵2D
Re3D =

↵3D

↵̃
Re3D (120)

Which means that for a growing 3D disturbance at Re3D with ↵3D, �3D (↵̃ =
↵3D + �3D) there exists a growing 2D disturbance at Re2D with ↵2D = ↵̃

Squire (1933) identified and exploited a similarity between the 2- and 3-dimensional
Orr-Somerfeld equations. By defining the polar wavenumber

↵̃ =
p

↵2 + �2 (121)

and modified Reynolds number

Re2d =
↵Re3dp
↵2 + �2

(122)

=
↵

↵̃
Re3d (123)

Substituting into the 3D Orr-Somerfeld equation gives

(U � c)
⇣d2v(y)

dy2
� ↵̃2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵̃Re2d

⇣d4v(y)
dy4

� 2↵̃2d2v(y)
dy2

+ ↵̃4v(y)
⌘

(124)

14



I N S T I T U T   P P R I M E

Squire’s theorem: If an exact two-dimensional parallel flow admits an unstable 3-D  
disturbance for a certain value of the Reynolds number, it also admits an unstable  
2-D disturbance at a lower Reynolds number 

3. The Squire transformation

OR

Squire’s theorem: To each unstable 3-D disturbance there corresponds a more  
unstable 2-D disturbance

OR

Squire’s theorem: To obtain the minimum critical Reynolds number it is sufficient to  
consider only two-dimensional disturbances 



2. Solving eigenvalue problems
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2. Solving eigenvalue problems

Consider general disturbance:

ei↵(x�ct) = ei(↵r+i↵i)xe�i(↵r+i↵i)(cr+ici)t (92)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i+i2ci↵i)t (93)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i�ci↵i)t (94)

ei(↵r+i↵i)xe�i(↵rcr�ci↵i)t�i2(ci↵r+cr↵i)t (95)

ei(↵r+i↵i)xe�i!rt+!it (96)
ei↵rx�↵ixe�i!rt+!it (97)

ei(↵rx�!rt)e�↵ix+!it (98)

↵i < 0 (99)
!i > 0 (100)

↵i = 0 and ! complex (101)
!i = 0 and ↵ complex (102)

Substitution into the governing linearised equations reduces the system to an
ODE in y, but with four unknowns: ↵r, ↵i, !r and !i: more unknowns than
equations. Solution can only be obtained by making assumptions regarding the
unknowns. For instance, assuming that disturbances grow in space and not in
time implies that the frequency is real: ↵ then becomes a complex eigenvalue,
!i = 0 and !r can be specified in order to solve the eigenvalue problem, with
↵ the eigenvalue, q(y) the complex eigenfunction. This is the spatial stability
problem. The temporal stability problem is when ↵i = 0, ↵r is specified and !
is the unknown eigenvalue. Temporal and spatial stability frameworks coincide at
neutral locations where perturbations do not amplify in space or in time: neutral
modes= ↵i = !i = 0 and the same normal modes satisfy both systems.

Substitution of the normal mode expansion into the governing equations leads
to the Orr-Somerfeld equation:

(U � c)
⇣d2v(y)

dy2
� ↵2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵Re

⇣d4v(y)
dy4

� 2↵2d2v(y)
dy2

+ ↵4v(y)
⌘

(103)
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whose inviscid counterpart, derived over 25 years previous, is the Rayleigh
equation

(U � c)
⇣d2v(y)

dy2
� ↵2v(y)

⌘
� d2U

dy2
v(y) = 0 (104)

Just as we showed earlier that the linearised equations can be formulated in
terms of different variables, the Orr-somerfeld and Rayleigh equations can also be
written in different forms; frequently the velocity streamfunction is used:

(U � c)
⇣d2�(y)

dy2
� ↵2�(y)

⌘
� d2U

dy2
�(y) =

1

i↵Re

⇣d4�(y)

dy4
� 2↵2d2�(y)

dy2
+ ↵4�(y)

⌘

(105)

(U � c)
⇣d2�(y)

dy2
� ↵2�(y)

⌘
� d2U

dy2
�(y) = 0 (106)

For bounded flows the boundary conditions require that �(y) and d�(y)
dy vanish

at the walls for the viscous Orr-Somerfeld equation, while for the second-order
invscid Rayleigh equation, �(y) must be zero at the walls. THis implies that in
the inviscide case there is a slip condition at the wall, as u(ywall) =

d�(ywall)
dy 6= 0.

For unbounded flows the solution must be bounded.
An alternative form of the Rayleigh equation, involving pressure, is often used

d2p(y)
dy2

� 2

(U � c)

dU(y)

dy
dp(y)

dy
� ↵2p(y) (107)

For a parallel shear flow subjected to three-dimensional perturbations, Orr-
Somerfeld takes the form

(U � c)
⇣d2v(y)

dy2
� (↵2 + �2)v(y)

⌘
� d2U

dy2
v(y) (108)

=
1

i↵Re

⇣d4v(y)
dy4

� 2(↵2 + �2)
d2v(y)

dy2
+ (↵2 + �2)2v(y)

⌘
(109)

Fourth-order ODE with six unknowns; and Rayleigh:

(U � c)
⇣d2v(y)

dy2
� (↵2 + �2)v(y)

⌘
� d2U

dy2
v(y) = 0 (110)

a second order ODE with six unknowns.
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Rayleigh equation

Fourth-order, 4 boundary conditions

Second-order, 2 boundary conditions

At rigid wall:  
v=0 - Rayleigh & O-S 
dv/dy=0 (since u=du/dx=0 & continuity) - only O-S

At infinity:  
v & dv/dy both bounded (numerically: zero for large y)
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2. Solving eigenvalue problems

Consider general disturbance:

ei↵(x�ct) = ei(↵r+i↵i)xe�i(↵r+i↵i)(cr+ici)t (92)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i+i2ci↵i)t (93)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i�ci↵i)t (94)

ei(↵r+i↵i)xe�i(↵rcr�ci↵i)t�i2(ci↵r+cr↵i)t (95)

ei(↵r+i↵i)xe�i!rt+!it (96)
ei↵rx�↵ixe�i!rt+!it (97)

ei(↵rx�!rt)e�↵ix+!it (98)

↵i < 0 (99)
!i > 0 (100)

↵i = 0 and ! complex (101)
!i = 0 and ↵ complex (102)

Substitution into the governing linearised equations reduces the system to an
ODE in y, but with four unknowns: ↵r, ↵i, !r and !i: more unknowns than
equations. Solution can only be obtained by making assumptions regarding the
unknowns. For instance, assuming that disturbances grow in space and not in
time implies that the frequency is real: ↵ then becomes a complex eigenvalue,
!i = 0 and !r can be specified in order to solve the eigenvalue problem, with
↵ the eigenvalue, q(y) the complex eigenfunction. This is the spatial stability
problem. The temporal stability problem is when ↵i = 0, ↵r is specified and !
is the unknown eigenvalue. Temporal and spatial stability frameworks coincide at
neutral locations where perturbations do not amplify in space or in time: neutral
modes= ↵i = !i = 0 and the same normal modes satisfy both systems.

Substitution of the normal mode expansion into the governing equations leads
to the Orr-Somerfeld equation:

(U � c)
⇣d2v(y)

dy2
� ↵2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵Re

⇣d4v(y)
dy4

� 2↵2d2v(y)
dy2

+ ↵4v(y)
⌘

(103)
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Rearrange as 

vv ÷÷
ø

ö
çç
è

æ
-=ú

û

ù
ê
ë

é
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æ
- 2

2

2
4

2

2
2

4

4

2

2
2

2

2

2
Re
1 aaa
a

a
dy
dc

dy
d

dy
d

idy
Ud

dy
dU

Lv = cFv

Generalised eigenvalue problem with linear operators, L and F, and eigenvalue, c. 

We must discretise the operators as matrices and then use Matlab routine, eig(L,F)
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2. Solving eigenvalue problems

Consider a simpler problem first:

h d2

dy2

i
v = �(�1)v

Appears in linear acoustics, vibration of membranes, heat transfer,…

With B.C. v=0 for y=1 & y=-1 equation has analytical solution

nynv

nynv

nn

n

n

n

evenfor
2

sin

oddfor
2

cos

,...3,2,1,
4

2
2

÷
ø
ö

ç
è
æ=

÷
ø
ö

ç
è
æ=

==

p

p

pl



I N S T I T U T   P P R I M E

2. Solving eigenvalue problems

Consider a simpler problem first:

h d2

dy2

i
v = �(�1)v

We first need to construct a differentiation matrix

Could use:

- Finite differences (e.g. EVPExample_FiniteDifferences.m) 
- Spectral methods (e.g. EVPExample_Chebyshev.m)
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2. Solving eigenvalue problems

Finite differences

v is sampled at N grid points, with spacing, �y

d2v

dy2
(yi) ⇡

v(yi+1)� 2v(yi) + v(yi�1)

�y2
+O(�y

2)For interior points:

h d2

dy2

i
v = �(�1)v

For boundary points:

ú
ú
ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê
ê
ê

ë

é

-
-

-
-

-
-

D
=

121000
121000
012100
001210
000121
000121

1
2y

D

Derivative is estimated from values of function 
in the neighbourhood of y_i 

Differentiation matrix is sparse

Freedom to choose the grid

d2v

dy2
(yi) ⇡

v(yi+2)� 2v(yi+1) + v(yi)

�y2
+O(�y)
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2. Solving eigenvalue problems

Polynomial interpolants: appropriate for bounded and/or non-periodic domains,  
as opposed to trigonometric interpolants, suitable for periodic domains.

Procedure:

- Use an Nth-order polynomial to represent the discrete data,

- Derivative of discrete data expressed, at each grid point, in terms of (analytical) 
  derivatives of the interpolant,

- This provides a set of polynomial coefficients for each grid point

- The derivatives at each grid point is a function of all other grid points,

- Differentiation can be expressed in matrix form; the matrix is full on account  
  of previous point
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2. Solving eigenvalue problems

Polynomial interpolant

pN (x) =
NX

i=0

v(xi)Ci(x)
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Lagrange  
interpolation 

formula

Cardinal functions,             , are polynomials of degree N that satisfy the condition,

Ci(xj) = �ij
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pN (x) =
NX

i=0

v(xi)Ci(x)
<latexit sha1_base64="2BcD7CFkakTx4pUa5NbHQG8PRbo=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCuykzIuimUujGValgL9COQyZN29AkMySZ0jJ068ZXceNCEbe+gTvfxrSdhbYeCHz8/zmcnD+IGFXacb6ttfWNza3tzE52d2//4NA+Om6oMJaY1HHIQtkKkCKMClLXVDPSiiRBPGCkGQwrM785IlLRUNzrSUQ8jvqC9ihG2ki+DSO/mh8XSh0Vcz+hJWf6UIWj/NinhYpPjePbOafozA uugptCDqRV8+2vTjfEMSdCY4aUartOpL0ESU0xI9NsJ1YkQniI+qRtUCBOlJfML5nCc6N0YS+U5gkN5+rviQRxpSY8MJ0c6YFa9mbif1471r1rL6EiijUReLGoFzOoQziLBXapJFiziQGEJTV/hXiAJMLahJc1IbjLJ69C46LoGr67zJVv0jgy4BScgTxwwRUog1tQA3WAwSN4Bq/gzXqyXqx362PRumalMyfgT1mfP/YFmI8=</latexit><latexit sha1_base64="2BcD7CFkakTx4pUa5NbHQG8PRbo=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCuykzIuimUujGValgL9COQyZN29AkMySZ0jJ068ZXceNCEbe+gTvfxrSdhbYeCHz8/zmcnD+IGFXacb6ttfWNza3tzE52d2//4NA+Om6oMJaY1HHIQtkKkCKMClLXVDPSiiRBPGCkGQwrM785IlLRUNzrSUQ8jvqC9ihG2ki+DSO/mh8XSh0Vcz+hJWf6UIWj/NinhYpPjePbOafozA uugptCDqRV8+2vTjfEMSdCY4aUartOpL0ESU0xI9NsJ1YkQniI+qRtUCBOlJfML5nCc6N0YS+U5gkN5+rviQRxpSY8MJ0c6YFa9mbif1471r1rL6EiijUReLGoFzOoQziLBXapJFiziQGEJTV/hXiAJMLahJc1IbjLJ69C46LoGr67zJVv0jgy4BScgTxwwRUog1tQA3WAwSN4Bq/gzXqyXqx362PRumalMyfgT1mfP/YFmI8=</latexit><latexit sha1_base64="2BcD7CFkakTx4pUa5NbHQG8PRbo=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCuykzIuimUujGValgL9COQyZN29AkMySZ0jJ068ZXceNCEbe+gTvfxrSdhbYeCHz8/zmcnD+IGFXacb6ttfWNza3tzE52d2//4NA+Om6oMJaY1HHIQtkKkCKMClLXVDPSiiRBPGCkGQwrM785IlLRUNzrSUQ8jvqC9ihG2ki+DSO/mh8XSh0Vcz+hJWf6UIWj/NinhYpPjePbOafozA uugptCDqRV8+2vTjfEMSdCY4aUartOpL0ESU0xI9NsJ1YkQniI+qRtUCBOlJfML5nCc6N0YS+U5gkN5+rviQRxpSY8MJ0c6YFa9mbif1471r1rL6EiijUReLGoFzOoQziLBXapJFiziQGEJTV/hXiAJMLahJc1IbjLJ69C46LoGr67zJVv0jgy4BScgTxwwRUog1tQA3WAwSN4Bq/gzXqyXqx362PRumalMyfgT1mfP/YFmI8=</latexit><latexit sha1_base64="2BcD7CFkakTx4pUa5NbHQG8PRbo=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCuykzIuimUujGValgL9COQyZN29AkMySZ0jJ068ZXceNCEbe+gTvfxrSdhbYeCHz8/zmcnD+IGFXacb6ttfWNza3tzE52d2//4NA+Om6oMJaY1HHIQtkKkCKMClLXVDPSiiRBPGCkGQwrM785IlLRUNzrSUQ8jvqC9ihG2ki+DSO/mh8XSh0Vcz+hJWf6UIWj/NinhYpPjePbOafozA uugptCDqRV8+2vTjfEMSdCY4aUartOpL0ESU0xI9NsJ1YkQniI+qRtUCBOlJfML5nCc6N0YS+U5gkN5+rviQRxpSY8MJ0c6YFa9mbif1471r1rL6EiijUReLGoFzOoQziLBXapJFiziQGEJTV/hXiAJMLahJc1IbjLJ69C46LoGr67zJVv0jgy4BScgTxwwRUog1tQA3WAwSN4Bq/gzXqyXqx362PRumalMyfgT1mfP/YFmI8=</latexit>

and are defined by, 

Ci(x) =
NY

j=0,j 6=i

x� xj

xi � xj
<latexit sha1_base64="MYI236ZkP/gb/HMqjalKes9y544="></latexit><latexit sha1_base64="MYI236ZkP/gb/HMqjalKes9y544="></latexit><latexit sha1_base64="MYI236ZkP/gb/HMqjalKes9y544="></latexit><latexit sha1_base64="MYI236ZkP/gb/HMqjalKes9y544="></latexit>
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2. Solving eigenvalue problems

Pseudospectral method: Chebyshev polynomials

T0(x) = 1

T1(x) = x

Tn+1(x) = 2xTn(x)� Tn�1(x) n � 1

Orthogonal basis in [-1,1]

�j(x) =
(�1)j

cj

1� x2

(N � 1)2
T 0
N�1(x)

x� xj
<latexit sha1_base64="4LAH+3YqpZMUG6X1lMC+pQzWvAQ="></latexit><latexit sha1_base64="4LAH+3YqpZMUG6X1lMC+pQzWvAQ="></latexit><latexit sha1_base64="4LAH+3YqpZMUG6X1lMC+pQzWvAQ="></latexit><latexit sha1_base64="4LAH+3YqpZMUG6X1lMC+pQzWvAQ="></latexit>

Cardinal functions

v(x) ⇡ pN�1(x) =
NX

j=1

�j(x)fj
<latexit sha1_base64="3No9UXKre4HL1mAcw4EWc2lQUnU="></latexit><latexit sha1_base64="3No9UXKre4HL1mAcw4EWc2lQUnU="></latexit><latexit sha1_base64="3No9UXKre4HL1mAcw4EWc2lQUnU="></latexit><latexit sha1_base64="3No9UXKre4HL1mAcw4EWc2lQUnU="></latexit>

d

dx
v(x) ⇡ d

dx
pN�1(x) =

NX

j=1

d

dx
�j(x)vj

<latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit>

Expansion

Derivative d

dx
v(x) ⇡ d

dx
pN�1(x) =

NX

j=1

d

dx
�j(x)vj

<latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit><latexit sha1_base64="7bOtn1c3v2AiiztydmTmMzznDnU="></latexit>
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2. Solving eigenvalue problems

Chebyshev grid

Pseudo-spectral method: Chebyshev polynomials
����������������������������


������	
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����������������������������

Potential theory 
cf. Trefethen 2001

Differentiation grid

Differentiation  
matrix is full

Grid must comprise 
Chebyshev points
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2. Solving eigenvalue problems

Finite-difference versus pseudo-spectral method

Error in calculation of ex
2

See chebyshev_introduction.m

Finite difference:  
- algebraic convergence

Pseudo spectral: 
- exponential convergence

Machine precision
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2. Solving eigenvalue problems

Example problem 

- Solve:
h d2

dy2

i
v = �(�1)v

Compare with analytical solutions:

nynv

nynv

nn

n

n

n

evenfor
2

sin

oddfor
2

cos

,...3,2,1,
4

2
2

÷
ø
ö

ç
è
æ=

÷
ø
ö

ç
è
æ=

==

p

p

pl
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2. Solving eigenvalue problems

Solution recipe

h d2

dy2

i
v = �(�1)v Lv = cFv

1. Define Chebyshev order and construct grid:           [D,y]=cheb(N) 

2. Set up eigenvalue problem: construct operators L and F

and impose boundary conditions :


                     L(1,:)=0 ; L(1,1)=1 ; F(1,:)=0;

                     L(N+1,:)=0 ; L(N+1,N+1)=1 ; F(N+1,:)=0;


Solve eigenvalue problem:                  [V,lambda]=eig(L,F);
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2. Solving eigenvalue problems

Finite-difference versus pseudo-spectral method

Finite-difference Pseudo-spectral

- Some eigenvalues (and eigenfunctions) converged, but some (at least half) should  
not be trusted 
- Pseudo-spectral method better suited for accurate predictions 
- But, revival of finite-difference schemes due to sparse-matrix algorithms: can compensate 
poor accuracy with larger N (cf. Gennaro et al. 2013)



3. Inviscid temporal instability of the mixing layer
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3. Inviscid temporal stability of the mixing layer

Rayleigh equation

h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v = c

h d2

dy2
� ↵2

i
v

Lv = cFv

Exercise: adapt the code used to solve 
h d2

dy2

i
v = �(�1)v

to solve the temporal stability problem for the Rayleigh equation for a mixing layer 
with base-flow,                                       , and BCs,               for                    : numerically, 
             for                  with               . Start with                . Compare with Michalke (1964)   
  
 

U = 0.5(1 + tanh(y)) v ! 0 y ! ±1
v = 0 y = ±H H � 1 ↵ = 0.1
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3. Inviscid temporal stability of the mixing layer

Numerical tips

diag(U) : diagonal matrix, main diagonal = vector U
II=eye(size(D)) : identity matrix, same size as matrix D
ZZ=zeros(size(D)) : matrix or zeros, same size as matrix D
H=20; y=y*H; D=D/H; D2=D2/(H^2) : stretches domain from [-1,1] to [-H,H]

A*B : standard matrix multiplication (N_rows A = N_columns B)
A.*B : element-to-element multiplcation (dimensions of A and B must be equal)

A^2  is  A*A (A should be a square matrix)
A.^2  is  A.*A (A can have any size)

A(1,:)  means all elements in row 1 of matrix A
A(:,5)  means all elements in column 5 of matrix A
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3. Inviscid temporal stability of the mixing layer

Expected results
h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v = c

h d2

dy2
� ↵2

i
v

Unstable 
mode?
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3. Inviscid temporal stability of the mixing layer

Critical layer and continuous spectrum

Consider the simplest shear flow: Couette flow

U(y) = y
<latexit sha1_base64="04crdI6z9FJgMTC5AIRnAAbstqM=">AAAB7XicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMiKAbpeDGZQWnLbRDyaSZNjaTDElGGIa+gxsXirj1fdz5NqbtLLT1QODj3HvJvSdMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWE+kRyqToh1pQzQX3DDKedRFEch5y2w/HttN5+okozKR5MltAgxkPBIkawsVbLr2Vn11m/UnXr7kxoGbwCqlCo2a989QaSpDEVhnCsdddzExPkWBlGOJ2Ue6mmCSZjPKRdiwLHVAf5bNsJOrXOAEVS2ScMmrm/J3Ica53Foe2MsRnpxdrU/K/WTU10FeRMJKmhgsw/ilKOjETT09GAKUoMzyxgopjdFZERVpgYG1DZhuAtnrwMrfO6Z/n+otq4KeIowTGcQA08uIQG3EETfCDwCM/wCm+OdF6cd+dj3rriFDNH8EfO5w+y846H</latexit><latexit sha1_base64="04crdI6z9FJgMTC5AIRnAAbstqM=">AAAB7XicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMiKAbpeDGZQWnLbRDyaSZNjaTDElGGIa+gxsXirj1fdz5NqbtLLT1QODj3HvJvSdMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWE+kRyqToh1pQzQX3DDKedRFEch5y2w/HttN5+okozKR5MltAgxkPBIkawsVbLr2Vn11m/UnXr7kxoGbwCqlCo2a989QaSpDEVhnCsdddzExPkWBlGOJ2Ue6mmCSZjPKRdiwLHVAf5bNsJOrXOAEVS2ScMmrm/J3Ica53Foe2MsRnpxdrU/K/WTU10FeRMJKmhgsw/ilKOjETT09GAKUoMzyxgopjdFZERVpgYG1DZhuAtnrwMrfO6Z/n+otq4KeIowTGcQA08uIQG3EETfCDwCM/wCm+OdF6cd+dj3rriFDNH8EfO5w+y846H</latexit><latexit sha1_base64="04crdI6z9FJgMTC5AIRnAAbstqM=">AAAB7XicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMiKAbpeDGZQWnLbRDyaSZNjaTDElGGIa+gxsXirj1fdz5NqbtLLT1QODj3HvJvSdMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWE+kRyqToh1pQzQX3DDKedRFEch5y2w/HttN5+okozKR5MltAgxkPBIkawsVbLr2Vn11m/UnXr7kxoGbwCqlCo2a989QaSpDEVhnCsdddzExPkWBlGOJ2Ue6mmCSZjPKRdiwLHVAf5bNsJOrXOAEVS2ScMmrm/J3Ica53Foe2MsRnpxdrU/K/WTU10FeRMJKmhgsw/ilKOjETT09GAKUoMzyxgopjdFZERVpgYG1DZhuAtnrwMrfO6Z/n+otq4KeIowTGcQA08uIQG3EETfCDwCM/wCm+OdF6cd+dj3rriFDNH8EfO5w+y846H</latexit><latexit sha1_base64="04crdI6z9FJgMTC5AIRnAAbstqM=">AAAB7XicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMiKAbpeDGZQWnLbRDyaSZNjaTDElGGIa+gxsXirj1fdz5NqbtLLT1QODj3HvJvSdMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWE+kRyqToh1pQzQX3DDKedRFEch5y2w/HttN5+okozKR5MltAgxkPBIkawsVbLr2Vn11m/UnXr7kxoGbwCqlCo2a989QaSpDEVhnCsdddzExPkWBlGOJ2Ue6mmCSZjPKRdiwLHVAf5bNsJOrXOAEVS2ScMmrm/J3Ica53Foe2MsRnpxdrU/K/WTU10FeRMJKmhgsw/ilKOjETT09GAKUoMzyxgopjdFZERVpgYG1DZhuAtnrwMrfO6Z/n+otq4KeIowTGcQA08uIQG3EETfCDwCM/wCm+OdF6cd+dj3rriFDNH8EfO5w+y846H</latexit>

 Rayleigh’s equation reduces to

(U � c)
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit>
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3. Inviscid temporal stability of the mixing layer

Critical layer and continuous spectrum

(U � c)
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit>

Two solution possibilities:

#1. U 6= c for all y
<latexit sha1_base64="sJaoRSszC6rUbFn6IQRv2Aa2WyY="></latexit><latexit sha1_base64="sJaoRSszC6rUbFn6IQRv2Aa2WyY="></latexit><latexit sha1_base64="sJaoRSszC6rUbFn6IQRv2Aa2WyY="></latexit><latexit sha1_base64="sJaoRSszC6rUbFn6IQRv2Aa2WyY="></latexit>

!
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="m+PTqK17aZl/TTJE1vyldIxBGWQ="></latexit><latexit sha1_base64="m+PTqK17aZl/TTJE1vyldIxBGWQ="></latexit><latexit sha1_base64="m+PTqK17aZl/TTJE1vyldIxBGWQ="></latexit><latexit sha1_base64="m+PTqK17aZl/TTJE1vyldIxBGWQ="></latexit>

v(y) = Ae↵y +Be�↵y
<latexit sha1_base64="v5PxhN51L/4tYMYgDP2tI6TRZgk="></latexit><latexit sha1_base64="v5PxhN51L/4tYMYgDP2tI6TRZgk="></latexit><latexit sha1_base64="v5PxhN51L/4tYMYgDP2tI6TRZgk="></latexit><latexit sha1_base64="v5PxhN51L/4tYMYgDP2tI6TRZgk="></latexit>

But boundary conditions,                                , imply that v(y = 0, 1) = 0
<latexit sha1_base64="Mc3YlTSxIIEQJb+4o3MG/s+/NXY="></latexit><latexit sha1_base64="Mc3YlTSxIIEQJb+4o3MG/s+/NXY="></latexit><latexit sha1_base64="Mc3YlTSxIIEQJb+4o3MG/s+/NXY="></latexit><latexit sha1_base64="Mc3YlTSxIIEQJb+4o3MG/s+/NXY="></latexit>

A = B = 0
<latexit sha1_base64="eKGPbtVwW8GhtxxCejlz5cfLVmM="></latexit><latexit sha1_base64="eKGPbtVwW8GhtxxCejlz5cfLVmM="></latexit><latexit sha1_base64="eKGPbtVwW8GhtxxCejlz5cfLVmM="></latexit><latexit sha1_base64="eKGPbtVwW8GhtxxCejlz5cfLVmM="></latexit>

! v(y) = 0
<latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="/6EA44kduSlGjXCVX1qnwLvrAoo="></latexit><latexit sha1_base64="/6EA44kduSlGjXCVX1qnwLvrAoo="></latexit><latexit sha1_base64="A6Iru1+XYUsKUnx8MvK5F4BCFzQ="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit><latexit sha1_base64="Vk0GycJc3Kr5NVOwDm+KeD65kWg="></latexit>

!!

Implying that fluctuations cannot exist in Couette flow: clearly not physical.
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Critical layer and continuous spectrum

This implies solution possibility #2. 

c = U(yc) for 0  yc  1
<latexit sha1_base64="UNosFi2RkOsUUMX5uXL8hc8bi+s="></latexit><latexit sha1_base64="UNosFi2RkOsUUMX5uXL8hc8bi+s="></latexit><latexit sha1_base64="UNosFi2RkOsUUMX5uXL8hc8bi+s="></latexit><latexit sha1_base64="UNosFi2RkOsUUMX5uXL8hc8bi+s="></latexit>

which in turn implies that the coefficient of the highest derivative goes to zero: 
singularity.

Resolution of this problem if, when              ,   U 6= c
<latexit sha1_base64="6uasuZWaYeRICWHKwbInQEfxqWY="></latexit><latexit sha1_base64="6uasuZWaYeRICWHKwbInQEfxqWY="></latexit><latexit sha1_base64="6uasuZWaYeRICWHKwbInQEfxqWY="></latexit><latexit sha1_base64="6uasuZWaYeRICWHKwbInQEfxqWY="></latexit>

⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="PYBQU8syrMVJIlmAMpUuxEC0PI8="></latexit><latexit sha1_base64="PYBQU8syrMVJIlmAMpUuxEC0PI8="></latexit><latexit sha1_base64="PYBQU8syrMVJIlmAMpUuxEC0PI8="></latexit><latexit sha1_base64="PYBQU8syrMVJIlmAMpUuxEC0PI8="></latexit>

and, when              ,U = c
<latexit sha1_base64="MxY76IYYJ6D0MCWX9y0GGVq0vbc="></latexit><latexit sha1_base64="MxY76IYYJ6D0MCWX9y0GGVq0vbc="></latexit><latexit sha1_base64="MxY76IYYJ6D0MCWX9y0GGVq0vbc="></latexit><latexit sha1_base64="MxY76IYYJ6D0MCWX9y0GGVq0vbc="></latexit>

⇣ d2

dy2
� ↵2

⌘
v 6= 0

<latexit sha1_base64="KmUgw0tAx2QIm0Ur+KIy2If/tZo="></latexit><latexit sha1_base64="KmUgw0tAx2QIm0Ur+KIy2If/tZo="></latexit><latexit sha1_base64="KmUgw0tAx2QIm0Ur+KIy2If/tZo="></latexit><latexit sha1_base64="KmUgw0tAx2QIm0Ur+KIy2If/tZo="></latexit>

What function has this property?

(U � c)
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit>
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Critical layer and continuous spectrum

The Dirac delta function,

So,

⇣d2

dy
� ↵2

⌘
v(y) = �(y � yc)

<latexit sha1_base64="sbDLTcCKqx3mxCq7Z6FmqKqq9YI="></latexit><latexit sha1_base64="sbDLTcCKqx3mxCq7Z6FmqKqq9YI="></latexit><latexit sha1_base64="sbDLTcCKqx3mxCq7Z6FmqKqq9YI="></latexit><latexit sha1_base64="sbDLTcCKqx3mxCq7Z6FmqKqq9YI="></latexit>

whose solution is the impulse response (Green’s function) of the problem,  
often written,

⇣d2

dy
� ↵2

⌘
G(y, yc) = �(y � yc)

<latexit sha1_base64="mx5cdw8FsZP67nm0iyD2z0p4rlk="></latexit><latexit sha1_base64="mx5cdw8FsZP67nm0iyD2z0p4rlk="></latexit><latexit sha1_base64="mx5cdw8FsZP67nm0iyD2z0p4rlk="></latexit><latexit sha1_base64="mx5cdw8FsZP67nm0iyD2z0p4rlk="></latexit>

�(y � yc)
<latexit sha1_base64="iaHoeLTk2FDarhIkrZ2lE/jBvkM="></latexit><latexit sha1_base64="iaHoeLTk2FDarhIkrZ2lE/jBvkM="></latexit><latexit sha1_base64="iaHoeLTk2FDarhIkrZ2lE/jBvkM="></latexit><latexit sha1_base64="iaHoeLTk2FDarhIkrZ2lE/jBvkM="></latexit>

(U � c)
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit>

can be solved only if, 
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Critical layer and continuous spectrum

The solution strategy: obtain and match solutions on either side of y = yc
<latexit sha1_base64="CrfSJeqyp2gOMn2g382xiKNmm8A="></latexit><latexit sha1_base64="CrfSJeqyp2gOMn2g382xiKNmm8A="></latexit><latexit sha1_base64="CrfSJeqyp2gOMn2g382xiKNmm8A="></latexit><latexit sha1_base64="CrfSJeqyp2gOMn2g382xiKNmm8A="></latexit>

v(y) = Ae↵y +Be�↵y, for y < yc

v(y) = Ce↵y +De�↵y, for y > yc
<latexit sha1_base64="6cBOdUIyU3lj8MyMxzGa5UMvkN4="></latexit><latexit sha1_base64="6cBOdUIyU3lj8MyMxzGa5UMvkN4="></latexit><latexit sha1_base64="6cBOdUIyU3lj8MyMxzGa5UMvkN4="></latexit><latexit sha1_base64="6cBOdUIyU3lj8MyMxzGa5UMvkN4="></latexit>

Boundary, matching and jump conditions

v(0) = v(1) = 0,

v(y+c ) = v(y�c ),

@v

@y
(y+c )�

@v

@y
(y�c ) = 1

<latexit sha1_base64="vsS5mzaaz5NZeDMcVh6fo8s0r84="></latexit><latexit sha1_base64="vsS5mzaaz5NZeDMcVh6fo8s0r84="></latexit><latexit sha1_base64="vsS5mzaaz5NZeDMcVh6fo8s0r84="></latexit><latexit sha1_base64="vsS5mzaaz5NZeDMcVh6fo8s0r84="></latexit>
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3. Inviscid temporal stability of the mixing layer

Critical layer and continuous spectrum

Which has solution v(y) = � 1

↵ sinh(↵)

h
sinh(↵y) sinh(↵(1� yc))

i
for y < yc,

<latexit sha1_base64="rNUERuRIYaBBiitjF9Xui8jCBBs="></latexit><latexit sha1_base64="rNUERuRIYaBBiitjF9Xui8jCBBs="></latexit><latexit sha1_base64="rNUERuRIYaBBiitjF9Xui8jCBBs="></latexit><latexit sha1_base64="rNUERuRIYaBBiitjF9Xui8jCBBs="></latexit>

v(y) = � 1

↵ sinh(↵)

h
sinh(↵yc) sinh(↵(1� y))

i
for y > yc,

<latexit sha1_base64="7hqvVoePHFXhgozEVyOWuIQtwV8="></latexit><latexit sha1_base64="7hqvVoePHFXhgozEVyOWuIQtwV8="></latexit><latexit sha1_base64="7hqvVoePHFXhgozEVyOWuIQtwV8="></latexit><latexit sha1_base64="7hqvVoePHFXhgozEVyOWuIQtwV8="></latexit>

0 0.2 0.4 0.6 0.8 1
y

0

0.01

0.02

0.03

0.04

0.05

|v
|



I N S T I T U T   P P R I M E

3. Inviscid temporal stability of the mixing layer

Critical layer and continuous spectrum

In summary

In plane Couette flow, where linear dynamics are governed by,

(U � c)
⇣ d2

dy2
� ↵2

⌘
v = 0

<latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit><latexit sha1_base64="wR8zfl7QKxq8frMeKf2M6v0jv+A="></latexit>

solutions can only be found by considering perturbations with phase velocity  
equal to the local base-flow velocity at the critical-layer position, y = yc

<latexit sha1_base64="dxYseoGfStlhrVXxqWe+OllQTic="></latexit><latexit sha1_base64="dxYseoGfStlhrVXxqWe+OllQTic="></latexit><latexit sha1_base64="dxYseoGfStlhrVXxqWe+OllQTic="></latexit><latexit sha1_base64="dxYseoGfStlhrVXxqWe+OllQTic="></latexit>

0  yc  1
<latexit sha1_base64="m3LvDTfl/VdBFsyj87dmSiBgRWk="></latexit><latexit sha1_base64="m3LvDTfl/VdBFsyj87dmSiBgRWk="></latexit><latexit sha1_base64="m3LvDTfl/VdBFsyj87dmSiBgRWk="></latexit><latexit sha1_base64="m3LvDTfl/VdBFsyj87dmSiBgRWk="></latexit>

These solutions form a continuous spectrum of critical-layer eigenvalues.

The singularity that this entails leads to a continuum of impulse-response  
solutions at critical-point positions
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3. Inviscid temporal stability of the mixing layer

Critical layer an continuous spectrum
h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v = c

h d2

dy2
� ↵2

i
v
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3. Inviscid temporal stability of the mixing layer

h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v = c

h d2

dy2
� ↵2

i
v

Expected results

The eigenvalue-eigenfunction pair (c,v) is a solution of the Rayleigh equation. The 
complex-conjugate pair, (c*,v*), are also solutions,

h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v⇤ = c⇤

h d2

dy2
� ↵2

i
v⇤

The same is not true of the Orr-Sommerfeld equation, which is not self-adjoint 
on account of the viscous term.
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3. Inviscid temporal stability of the mixing layer

Expected results (absolute value of eigenfunction associated with unstable eigenvalue)

Exponential decay

Non-physical  
boundary condition

Kelvin-Helmholtz mode
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3. Inviscid temporal stability of the mixing layer

Expected results

In region where U is constant, the Rayleigh equation,

h
U
⇣ d2

dy2
� ↵2

⌘
� d2U

dy2

i
v = c

h d2

dy2
� ↵2

i
v

reduces to,
(U � c)

⇣ d2

dy2
� ↵2

⌘
v = 0

if c 6= U
⇣ d2

dy2
� ↵2

⌘
v = 0

v / e±↵y

plus and minus signs chosen such that solution be bounded at infinity
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3. Inviscid temporal stability of the mixing layer

α=0.1	 α=0.4	

Expected results

v / e±↵y Non-physical boundary condition more problematic  
at low wavenumber

Domain size should be large compared to wavelength 
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3. Inviscid temporal stability of the mixing layer

Expected results - most amplified wavenumber
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci
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Edgington-Mitchell et al. 2017
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3. Inviscid temporal stability of the mixing layer
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3. Inviscid temporal stability of the mixing layer

Expected results - phase speed
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci
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3. Inviscid temporal stability of the mixing layer

Expected results - phase speed
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci

Michalke 1964, U = ½(1+tanh(y)) U = tanh(y)

Result:	cr (K-H)	=	0.5 Result:	cr (K-H)	=	0
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3. Inviscid temporal stability of the mixing layer

Expected results - flow structure
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci

Eigenfunctions allow study of structure of growing disturbances

Streamlines VorticityMichalke 1964
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3. Inviscid temporal stability of the mixing layer

Expected results - flow structure
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci

Eigenfunctions allow study of structure of growing disturbances

(Winant & Browand 1974)
Vorticity
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3. Inviscid temporal stability of the mixing layer

Expected results - flow structure
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci

Eigenfunctions allow study of structure of growing disturbances

(Winant & Browand 1974)
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3. Inviscid temporal stability of the mixing layer

Expected results - flow structure
ṽ(x, y, t) = v̂ei↵(x�ct)

!i = ↵ci

Eigenfunctions allow study of structure of growing disturbances

(Winant & Browand 1974)
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3. Inviscid temporal stability of the mixing layer

Comparison with vortex-sheet model
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Discussion

Rayleigh equation neglects viscous effects: 

- no information on critical Reynolds number 
- asymptotic behaviour for Re->infinity 
- predicts initial stage of transition for high Re

Rayleigh equation becomes singular for c=U: 

- critical layer 
- special care necessary to treat singularity, 
- easiest option is to account for viscosity

Consider general disturbance:

ei↵(x�ct) = ei(↵r+i↵i)xe�i(↵r+i↵i)(cr+ici)t (92)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i+i2ci↵i)t (93)

ei(↵r+i↵i)xe�i(↵rcr+ici↵r+icr↵i�ci↵i)t (94)

ei(↵r+i↵i)xe�i(↵rcr�ci↵i)t�i2(ci↵r+cr↵i)t (95)

ei(↵r+i↵i)xe�i!rt+!it (96)
ei↵rx�↵ixe�i!rt+!it (97)

ei(↵rx�!rt)e�↵ix+!it (98)

↵i < 0 (99)
!i > 0 (100)

↵i = 0 and ! complex (101)
!i = 0 and ↵ complex (102)

Substitution into the governing linearised equations reduces the system to an
ODE in y, but with four unknowns: ↵r, ↵i, !r and !i: more unknowns than
equations. Solution can only be obtained by making assumptions regarding the
unknowns. For instance, assuming that disturbances grow in space and not in
time implies that the frequency is real: ↵ then becomes a complex eigenvalue,
!i = 0 and !r can be specified in order to solve the eigenvalue problem, with
↵ the eigenvalue, q(y) the complex eigenfunction. This is the spatial stability
problem. The temporal stability problem is when ↵i = 0, ↵r is specified and !
is the unknown eigenvalue. Temporal and spatial stability frameworks coincide at
neutral locations where perturbations do not amplify in space or in time: neutral
modes= ↵i = !i = 0 and the same normal modes satisfy both systems.

Substitution of the normal mode expansion into the governing equations leads
to the Orr-Somerfeld equation:

(U � c)
⇣d2v(y)

dy2
� ↵2v(y)

⌘
� d2U

dy2
v(y) = 1

i↵Re

⇣d4v(y)
dy4

� 2↵2d2v(y)
dy2

+ ↵4v(y)
⌘

(103)

11

Orr-Sommerfeld equation
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Discussion

In unsteady, turbulent flows, clear understanding is exception rather than rule: 

- non-linear system of PDEs, 4 dimensions, 5 dependent variables…

Linear stability theory allows identification of a well-defined flow feature:  

- an instability wave, appropriate for initial stages of transition.

Coherent structures in turbulent flows can also be modelled as instability waves.

Eigenfunctions from stability analysis form a complete basis, albeit non-orthogonal: 

- it is possible to project flow data onto the eigenfunctions to obtain amplitudes 
  of each of the modes (Rodriguez et al. 2013, 2015)

Problem is much cheaper to solve numerically than DNS, LES:  

- potential for reduced-order modelling and control
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Résumé

Matrix representation of linearised equations 

- Finite difference versus pseudo spectral

Linearised flow equations formulated as a generalised eigenvalue problem

Rayleigh equation - calculation of inviscid instability 

- solution of flow equations for mixing-layer transition 
- instability waves non-dispersive 


